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2. Morphological characterization 3. Problem formulation

1. Objective

» Leverage high-order morphological characterization of microstructures to derive full-field * Single grains are characterized using Minkowski tensors:. » Periodic boundary value problem (D): The underlying strain field of the problem
approximation and statistics of mechanical behaviors in polycrystals. Measures of mass distribution:
o0, ) (D) : Find Q-periodic u s.t. V- [L(z):e(z)] =0, e(z)={Vu(z)}sym. |Q|_1/ e(x)dzx =: € = ey.
Wi = / ¥ dV Q
Q

o s equivalently expressed as the solution of the Lippmann-Schwinger (LS) equation:
Measures of surface distribution:

Wi = / +® © [n(2)]®"dS
02,

Full-field solution of periodic . o Microstructure
elasto-viscoplastic BVP Discretization simulation

o —

AL(z) ' :7(z) + T+« 7(z) = for all z, where 7(z) :=[L(z) — L% : e(z) = AL(z) : e(x).

FEM, FDM, ...
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* Variational problem (V) formulation: The weak form of the LS equation is

Large systems n(z)/r(z) Curvature-weighted measures of surface distribution: .
with many DOFs i . (V) : Find 7 € V such that a(T,w) =f(w)Vw €V, where
— W," = 90 “(a)e” © [n(@)]” dS a:VxV—-R and (: V=R
Fioldstatistics ﬂ Morphological R ° e (w, T) = W AL_l T+ W (F * T) W — W €0
“ r+s=8 s =9 » Optimization problem (O) formulation:
]  Attempted [ AL(z) < 0 (resp. AL(z) > 0) for all  implies that the Hashin-Shtrikman (HS) functional
meshless approach -
) <— Sff;;%ﬁ%}ﬁgt H: 1 — a(T,7)/2 — £(T) is strictly convex (resp. concave). (V) is then equivalent to
F":F A m d . 1 =
_ <— mettt}?odlgiiigy) Wi )L (O): Find 7 €V such that 0.[H(T + ed7)]| _, =0. y
5. Non-consistent approximation 6. Discretized system
» We consider piecewise polynomial trial fields 77 € V,, ¢ V of the form « Computing T¢7 is the main source of difficulty of this work. We approach this problem by * Eventually, we solve ("O,) : Find 7?7 € V,, such that 0.["H(7? + ed7P)]|._, =0.
p expressing the Green operator as a Taylor expansion around =z, =z, — z, for each pair (a,7) . G . .
= o agk (g — z)®" : : : (%Y%) [IDp%91 o1 2] ... mor]]({8°r}
P () == za: <Xa(ac)7' + Xa(z) ]; <T 0", (z — z%) >k> of grains respectively centered 8_1; (&Z,QWZ .1)- };% %DLO} {Dl,l% %D)l,% %Dl,p} ‘}81:{
—1)* _i i o o . . . . —2 2.0 2.1 2,2 2, 2
and intend to solve (V,) : Find +* € V, such that a(?,w?) = {(wP) Y € V,, "T(z—-y+2,,)="T(z,,)+ ;z; =TT <I‘(k)(§w),§® @ y® >k for all (z,y) € QL x Q] e In 2D, this is equivalent to solving the system {f Py = [D. ] [D. ] UD. [ [D. PlI{o Tt
=1 1= . . . . :
* The functionals then take the following forms Minkowski tensors » We denote the order of the expansion by n and construct the following estimates: {z}) [P0 el or? ... [Der)] ({8Pr))
p (See Frame 2) nrpoy _ 1 Wr,O Q/ T WS,O Q/ Where []D)T,S] — [MT’S] + [nI‘T,S] D+ 2 ) p+2 p+2 _ p+2
g(wp) _ Z (Cawa L eg + Z <wa6r’Wg,0(Q/a)> : Eo) Influence tenSors | ( r,s )rl...rrijklsl...ss — ﬁ[ 0 ( a)]rl...rr z'jkl(&fya)[ 0 ( fy)]sl...ss 3na( 5 ) x 1 3na< 5 > ><3na( 5 > 3na< 5 > x 1
« r=1 ' (see Frame 5) > for any v # « 1 e (=1 (k) b k—i.0 / 5.0 /v
; +@ ;ZO (k — ,L-)!,L-!Fijklkzl..k:k (Z0)[Wo QU by i (WG T O(Qy)]kk_m..kksl..ss o [M"*] =diag ([M"*"], [M™?],...,[M"*"]) in which [M"*“] contains properly weighted
a(TPwP) = ) AM* (Cawa BT D <°"aara <W5+8’0(%)» 337'a> > ) . 3 1) x 3(s 4 1) components of W *(Q;,) ® (AL,) ™"
fo! r=1s=1 ohT A0S, rN o (i i—t 11t s, /
T > e PPN NP R N WA LT LT IR W AR DY [BR AR TS s .
-+ Z Z (wo‘ : TS‘}) s + Z Z <(‘9er‘, <T?’Z, TW68>S+2> 2) “ 1 n k 1 i . | . an’l“,S,Q,l] [nI\T,S,Q,Q] o [nFT,S,Q,na
- 1 s—1 r+ 4 ( ) F(k) ( ){Wr+k—z,0(ﬂl )] [7W1|S,O(Q/ )] N AAT.S [ ] [ ] NP [ ] . . . .
|Q| Lo L (k _ Z)"L' 1jklkq .. kg Loy 0 allki..Eg—ir1..7r 0 allkr—it1...krs1...ss ° [ I ] = : : . : in Wthh [nI‘Tasaaﬁ] COIltaIIlS properly Welghted
L . T nersmal]  mpmena2] . mymsmanai| COMponents of T .
with mﬂuer;ce Lensors capturing the T = / / (z—2,)% @T(z—y) @ (z — 2,)% dvydy, ' « We refer to « in which 1¢7 is replaced by "1¢7 as "« and now focus on the non-consistent [T brT | T ik
effect of pairwise grain interactions ’ g . . s oy |
Qo 2, y \HS functional "H : 7 — "a(7?,7P)/2 — 4L(7P). VAN 3(r+1) x 3(s +1) y

.

9. Preliminary results

8. Bottom-up dynamic evaluation

7. Table of derivatives of the Green operator

* In order to compute the components of "T¢7, we need to evaluate Iy (z,,) and the derivatives || Evaluation of the Barnett-Lothe (BL) integrands ——— » We consider a periodic array of 4 anisotropic * The array is subjected tog = ¢, ®e,.

P (@) T o @a)s T (). and their derivatives is costly. A naive implemen- | irﬁ’zen‘?sgfr:ﬁg'fr‘]’gglj‘r’rz squares with those generalized elastic moduli: * L, is picked such that AL(z) < 0.

, , , , , , -tation of the recursive scheme is - .| : _ e Let p=5 and n=>5.
* To do so, we use the Barnett-Lothe integral solution for anisotropic Green functions Gi;(r,0), i.e. ¢ .9 not efficient. Instead, we derive a <) — i;i]f . Results:
AD;j(z) = Gy (2) + G (@) + G5 (@) + GV () - \ s  bottom-up dynamic algorithm to . o\ — vo)/v IV-77(2)] (722
| | | o | | S speed-up the process.

» We derive the following recurrence relations to compute the derivatives of anisotropic Green = v &l A 7

functions: AL v v v

270G ks g (12 0) = (=) "W, (6) T S U C) ) R () A DN )
Yy — - \
Wiy ke, (0) = (n=D)AZLL o (0)nk, (0) = Dolhit i (O)]mu, (6) forn > 2 Bs g (0) QolhI2 (O] e R (0= bRl (O)= e B ()= b B2 L (0)=
ko A E Olhijes k,_, OV Oplhi5? 4 (0) %[héﬁf’...kn_g(e)h[ lPigh, ks (O . Th lts do not qualitativel tch the soluti
AN COIESY (S> {(n ~ 10 iy ik, (0)]105 [, (0)] — 8§‘S+1[h%;f,,,kn_l(9)]85+1[nkn(9)]} ) S A 051y s, O GBINES i, (O] 0Se results do not qualitatively matcil the Solutlon.
= v - L (A0, » Source of error: "T' is a poor estimate of T'(z—y+z,,) if
h%jkzl (0) = H;jny, (0) + [Nz'ls (Q)Hsj + NZ.QS(Q)SjS]mkl (0) — Barnett-Lothe i_ntegrands, N;i(6) B[N L(0)]]| N2(6) l_r o Components of Minkowski tensors of each phase: z and y are near the grain boundary Qo N2
- [ — see Ting (1996). . (‘9')] 83‘1|[h}jk1(9)] N3O iz IR _
0f [hijp, (0)] = Hi0f g, (0)] + ) (S> {Hi;05°[N;i(0)] + S0 [Nj(0)]} 05 [mu, (0)] | - A A Ve )(m1) == V5] s 2. 2
s=0 Yy l-—v- Yy . ,(nl timesir(r —ny times)\ }E}
: : : Na \ [N+ 2 0 [Nu(0)] | 95" [N (0)] - - - |Ba[Na ()] Nia(6) 05 "' [Nu(9)]) - - - 106Nz (0)] | N (6) b/9)ni+na+2 _ (_p/oyna+l(p /9 natl 3 i

* Number of components of derivatives of the Green operator to build the system: 6( ) ) ( ) > A0 o~ (3 - Do) I o5 v2(0)] -~ ol W) () = 2 o +<1)(£ 2)+ 5 /2)

Those components are “memoized” to avoid repeating computations. . . (=b/2)" 1 (=b/2)"2 ! — (b/2)™ ! (=b/2) !

- N . , N . ... : repeated evaluation of BL integrands = | + (1 + U(na + 1) Pl el R s
\_ VAN by divide-and-conquer approach.  /J \_ b R IR R IR R IOERL NI Yy,
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