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Motivation/Objective

* Understand the role of morphology on the mechanical performance
of random polycrystals

Full-field simulation of elastic Ellipsoidal Growth Morphological
and elasto-viscoplastic behaviors Tessellations characterization
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On a realization-by-realization

basis, can we

Field-statistics

Define micromechanical
schemes that use information

to estimate field statistics about
«——  of mechanical behaviors Morphological
efficiently and accurately enough? symmetry/anisotropy [* |

constitutive behavior

Material symmetry and [—— |



Morphological characterization
Single grains are characterized using Minkowski tensors:
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Lippmann-Schwinger equation for periodic elastic media
Periodic elastic BVP:

o(z) =L(z): e(z) , V-o(x)=0, e(z) = {Vu(z)}sym
for all x € R?, with L(z + (ne; + me,)L) = L(z) forall n,m € Z s.t.
u(z + (ne; +mey)L) = u(z) + LE - (ne; + mey)

o(x+ (ney +mey)) e, =o(x)- e fork=1,2
and where @ := é / o(x)dv, 1s a volume average over :=[0, L] x [0, L] .
Q

Then, as we introduce the polarization field + with reference I.°,
T(z) = o(z) —L": e(z) = AL(z) : e(z)
where AL(z):= L(z) — LY, the local statement of equilibrium becomes

Disturbance strain field &
V-r(z)+ V- []L’O e(z)] =0 with vanishing field averi(gle?
R |
with solution _ _ Lippmann-
e(z) =€ —Lx7(z)=¢—-T=x[AL: e(z)] Schwinger
equation

Periodic Green
in which T x 7(z) := / T(z' —z):7(z") dvy.  operatorfor

R2 \ strains.

Note that for all ;, we have € = [AL(z)] ™' : 7(z) + T * 7 ()



Hashin-Shtrikman (HS) variational principle

Multiplying the previous expression by a test field 7', we have
m(z): 8 =7'(z): [AL(2)] 7" T(2) + 7'(2z) : (T *7)(2)

which, after volume averaging over €2, becomes Differential of the HS
— / functional evaluated at
T:e=7 ALl :7+7" . (T'*xT1) the equilibrated stress T

The HS functional is defined as follows by Hashin and Shtrikman (1962):
H(T):=7:-1/27 : (AL)"1 : 7/ —1/27 : (T x 7/)

H admits a_stationary state for the equilibrated polarization field 7,
' ivel he referen iffness 1.°. At equilibrium, we also have

Boundedness conditions of % :

H(r)=1/2: (L) —1°) : & , whereL*// isstz =L/ :z.
)

AL(z) PSD for all z implies V; CVy CV = supH <supH <supH = H(T)

V1 Vo V
AL(x) NSD for all z implies V; CV, CV — iSfH > i}rjlfH > i%fH = H(T)

Searching for polarization fields among richer functional spaces
guarantees not to deteriorate the quality of the solution if the reference

medium is chosen properly.
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Case of piecewise constant polarization fields, i.e. V"

1 ifxzel
ho (a) . L o
Assume T E Xa where x. := {0 otherwise

Then 7ho : (T 7o) ZZ’T . Tgy - 77, where

influence tensors

= Xa X dVa:dV
OO ’Q‘ /R2 /]R{? Y ( ) Yy

so that the HS functional becomes

:ZCQT e——anT (ALY)™" - ——ZZT

for which the stationary state #Fz)= inf H(T 1s such that

- Th(z)eVh

Co(ALY) ™t 7% 4 Z Tyl : 77 =cqg for all

Remark: We want to avoid integrating I". Instead, we want to find a

relation between Tg"g) , the Minkowski tensors (which we use to
characterize morphological anisotropy) of the microstructure, and the

derivatives of T.




Taylor expansion of Green operators (1/2)
To avoid singularities, we introduce Y, : z — xo(z + ) and

Q= {g—@ |z € Q,} forall a so that

1

R2 R2 QL QL
where z_ ==z T . Then for some basis {e;};=1,....4 we have

—”yoz Lo

Dijki(z —y+2.,) = Fq;jkl@m —y) +

Lijkt,m(Zye — Y)Tm + (1/2D0500,mn (20 — Y)TmTn

+(1/3Nijkt,mno(Zye — Y)TmTnTo + - ..

and, similarly

@kzl(&va B g) - Fijkl(&WQ) o Fijkl,m(£7a>ym + (1/2!)Fijk:l,mn (g’ya)ymyn
- — 1/3!)Fz’jkl,mno(z,ya)ymynyo 4.

ﬁjijkl’m’(&va _—) ~ z]kl m( 7 ) - Fzgkl,mn(%)yn (1/2') 17kl mno(_7a>ynyo
= (/30T iktmnop(Zya ) Yn¥olp + - -

Fz’jkl,mn (ifyoz o Q) = Fijkl,mn (gfya) — Fijkl,mno(gfya)yO + (1/2!)Fijkl,mn0p(@rya)yoyp
—(1/3DT%jk1,mnopq (T ) YoUpYq + - -

Fijkl,mno(zya o g) = Fijkl,mno(ﬂfya) — Fijkl,mnop(zfya)yp + (1/2!)Fijkl,mnopq (Q'ya)ypyq
—(1/3DT% k1, mnopgr (T ) YpYaqYr + - - -
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Taylor expansion of Green operators (2/2)
Then we have

Lijri(z —y+2.4) —ijl(27a> — Lijkt,m (200)Um + (/2D k1 mn (%a)ymyﬂ

_(1/3!)Fijkl,mno(x_7a>ymynyo + ... -

4+ [F'ijl ( ,Ya) - Fijkl,mn(gfya)yn + (1/2!)Fijkl,mno(nya)ynyo- T
_(1/3!>F7jjkl,mnop(nya)ynyoyp + .. * ] i
_|_i [Fijkl,mn @ya) — Lijikt,mno @ya)iyo + (1/2!>Fijkl,mn0p (lya)yoyp_ o
2' _(1/3!>Fijkl,mnopq (£7a>y0ypyq + .. * e
l Fijkl,mno @ya) — Lijkt,mnop (iya)yp + (/2D T4k, mnopq @ya)ypyq] O
3! _(1/3!)Fijkl,mnopqr (&q/a)ypyqyr + ... e

+ ...
that we recast in

Lijri(@ —y +2,0) = Diget(210) + Tijkt,m(Zy0) [ Tm — Ym]

LmLn LmYn YmUYn
+Fijkzl,mn (@ ) [ — + ]

210! 111! 012!

4T [xmxnxo _ LImInYo ITmYnYo _ ymynyo]
ikt mno 310! 211! 112! 03!
AT [xmxnxoxp  ImInTolp I LmInYoYp  TmYnYolp i ymynyoyp]
ikl mnop (L 410! 311! 212! 1!3! 04!

xmxnxompmq mmxnmoxpyq —I— xmxnxoypyq . l'mfcnyoypyq

T.. 510! AT Zp] 213]
+ zgkl,mnopq _'_xmynyoypyq _  YmYnYoYpYq

114! 0!5!

+... 8



Influence tensors for polarization fields in V"
Eventually, we obtain the followmg n-th order expansion

"T(z—-y+z,,): +ZZ —z'z'< r® (g ), 2O 2 y® > for all (z,y) € Q, x
k=1 1=0

where Q, N Q,y = (), which we use to construct the following estimate of
influence tensors for a # ~ :

(8% ]' mn
nTO]) = ﬁ // 'z — g—l—@m)dl/gdyg

QL Q,
nTO ,0 ™ CCXC’V |Q| Z Z . Z 'Z <F<k) (gfyoz% Wg_Z,O(Q;) ® W87O(Qf/y)>k
k=1 1=0
where, ]_“<m>( ) is the m-th derivative of the Green operator,
i.e. with componentsT\"}) () = ;.0 Digu() »

(e,8),, are “appropriate inner products” for £ > 1
* Maxwell-Betli theorem —, Lijra(z, y) = Thiij(y, z)

Then, Stationarity — Fijk:l (& -y + Lo ) Fklzg( —x+ 2057)
However, we don’t know if "I (2 —y + 2.,,) = "Thisj(y — z + z,,.,) 18 true.

* To verity, we define a symmetrized expansion, ...

ow)



Computing components of (I®(,.).z*" " ©y*)
* The component I‘(]kl bt () Thy o Y.k, CONSISES of the sum of
(k —i41)(i + 1) possibly different terms of the form

ki o 7y . (k) n¢ (k—i)—ng n] i-n]
Aijkl(nlanl) = Fijkl, H)Cl 22...2 (gw) L1 Ty Y1 Yy

7\

Zn? +n] timesﬂk —n{ —nj timesf
where »n¢ e [0,k —i] and »} € [0,i. To account for the repetition of
combinations of indices, we have

k . —1 —|— I\ (o4 1\, , N
Fij;l,klkk (E’ya)ajkl...kk_iykk_i+1...k’k — Z Z ( > ( n/y )ka A’L]kl (nl ’ n’{) .
=0 7_0 1

* We recall that the component rgjkl, 1 2. (z.,) of the
gradients of the Green
operator for strain are
stored in drja][y — a — 1][igu][k][n¢ +n]] ifa <7,
or as (—1)"dT[ylla — v = [igml[k][n$ +ni] ifa >y,

7\

Enff‘ +nj timesﬁk —n —n] timesi

* Then,
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Influence tensors for polarization fields in V"
We define the following symmetrized Taylor expansion:
"Tyini(x — Y+z.,)=1/2"Tjuz—y+2z,,)+"Thij(y —x+2z,4,)]
=1/2 [ wkl(x o)+ Triij(z, )}
1)
+5 kz:l z; /C( Z)'Z' Eflilkl kg (z’ya)xkl oo Lk Yk i1 -+ - Yk
( ()

1
5 Z klzgkl Kk (gory)xlﬁ v o Lhp Yk _iy1 - - Yky,
k=1 1=0

where I'(z) = T'(—z) and Tyjp(2) = Trigj(z) = Tijm(2,q) = Triij(Zas)
k
(— 1)krz(czzgk1 Ko, @afy)

k
( 1)kF§jlllk1 K (£a7>

which implies '), | (z..)

so that we have

”fijkl(g —Y + gw) — Fijkl(_'yoz)
Dy )

kiky ko (Zrya)
+ ZZ ] _12)';' T [Qﬁkl o Tk i Ykp_inq - Yy + ...

k=1 +=0

leading up to o (DT Ty Yk i -

"o (z — Y+ 200) = "Tijrlz —y +a,,)

. ykk}

— | "Tijr(z — Y+ im) = "Thiij (y T+ xav)




Self-influence tensors for polarization fields in V"
When v = o, we refer to TO"Y as a self-influence tensor. We then have

c= Xa Xa ( y)dV:ch
0.0 o /Rz/Rz =ETE

which we recast 1n
T%% — Tl / / Xa(£+£a)Xa(y+£7)I‘(£_ y+£’ya)dyﬁdyy
’ |Q| R2 JR2 — o o

for some ~v +# o and where Lo =Ty —2Z,, SO0 that we obtain

o 1
TOOZ@/Q’Y// L(z —y+a,,)dvdry

where O :=Q_  w{-z_} = {z - | z € Q,}. Using the same Taylor
series expansmn as before h

n k
1 - i
nroo (k) ®
Too = 9] /m/ Lo )dvedyy + Zl Z@ i)l <F Zoo) 19| /m/ ®Q dV&dVy>

which becomes
"I = AT (20) + gy ZZ — ,Z (D0, )W) W)

k=1 1=0
where we recall that /%) is motion covariant and that 7 = O w {z_ }

so that, for i>0, we have =y

0700 X (1) et i—t,0 [y
Compute these Wo (Qa)_;(t)ganWO (22,

fori=0,..,n — 12

k

k




Influence tensors for polarization fields in V"
To summarize, the following estimates of influence and self-influence
tensors are obtained:

tensor of (3., over ), i&f_flu_uatmwfﬂ
"To g = 18] // (2 —y+z,,)dvdyy "ToG = 1l /m // 'z —-y+z,,)dvdy,
QY vV # vV #

which we respectively recast in the following expressions:

i (k)
Fz]k:lk:l o, (%a)

( — )14 2]

ijklky .. ky, @fyo)
for any v # Q — (k — i)l

For ~ fixed, | ("5 )ijxt = ("To'0 ) kiij 13




Piecewise polynomial polarization fields, i.e. V"

field of degree p given by | o k=1
so that we have where (7%0")iky ... k) = "“( 78) [0k, . Ok,
7he . (T 7he) = ((9k a kl, Knij =10 ( Zj)/é?a:kl 8331% alljl...kkTiC}
z@:; Z3// k(T —y dedVkal—l— // ik (z — y)(yr — 2))dvdv, 0,7,
(TS )ighar
(To,o>z.7kl // ikl (T — —x))(ys — x”)dl/xduy82 T +
(T3 )wmsi
+\a T // — )ik (z — )dudekal + Or T // — o)) lijr(z — ) (ys — azz)dygdygasﬁzl
(TT 1 )rijnis
‘ (T1 '0 )rijhl +0,T; / / wkl(x — g)(y —x ) (yr — x{ )dyxduyﬁstTkl + .
| o F(leg)m'jklst
+ 5'3873' / / (xr — @y w9 ) lijr(z — y)dvedry Ty, (1250 )rsiiit Let’s look at
{Qa 5 " this term for
+0;. z]// r— Ty — ) ijr(z — )(yt _xt)d’/deya Tkl |
| (T2 | )rsijkit r,s <p
ror; / / — ) = @) Digua(z — )0 — 37) (o — ) sy 02,7 + \
B (ng)rl...rrijkzlsl...ss

(Tga;)rszg kltu




Influence tensors for polarization fields in V"
From the previous expression, we want to address the terms with
components of the form

[ [ =), = )T = 9~ 22) - e, — 7)oy
Qq O — % Change of variable

//xm @ L2 — Y+ 250)Ysy - Ys, dvedyy, With Q) :={z —z, |2 € Q. },
Qr Qf

where we used the same change of variables as previously. Now, from

n k i
ey 2) = Tlg) + 23 i (P (e0) 2

k=1 1=0

we obtain the following estimate of “r-s influence tensor of Q. over Q,”

1
(nT;):;Y)Tl...Trijk:lsl...Ss = @ / / [Crl ... xrrnrijkl (& — g + z’ya)ysl C . yssdl/idyg

defined for . s < p and = which we recast as follows:

k—1

®'L’
Ry >kf0r all (z,y) € Q, x,

)]kk—i+1--kk81--83

_fya) — nrk:lij (y —x+ Qa,y):| — (nTg;Y)rl...rrk:lijsl...ss — (angg)rl...rrz’jklsl...ss

n « nmo
— ( Tgr)sl...ssklz’jrl...rr :( Tr,g)rl...rrijk:lsl...ss 15
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Self-influence tensors for polarization fields in V"
Similarly as before, we want to address the terms with those components:
[ [ =) = Pl = 9 —2) - (v, — 22, )
S Q= Quw{-z}
Q= Qu{-z }
= Q, v {z .}

k—1

= # Change of variable
/ /5’37“1 oo @, Dijrr(z — Y+ an)(ysl — ) (Ys, — xlf‘)d’@dlfg
QL QL

n (k) ®
where, again, we have "T(z -y +z,.)=T(z. +kzlz; - 'Z <r (.0), 2

so that an estimate of the “r-s self-influence tensor of ©),” is obtained by

1
T s rviten o= 7 [ [ @ Tanle =+ )0 =730 (g, = 2l
Q4 QL

®y®i>
- k

which we recast in

1

"SSP
(nTaa>r1 Trijklsy...ss |Q| [WJO(Q/ )]rl Trrwkl( )/m (y31 - ng) ". - (yss - xzsa)dyﬂ

[e%
’L

— k +k—1,0
,Z,r;;lkl o @)V QU ks ks /Q it U sy — 2l (s, — 220)duy

1

k:lz:
and in (anr?g)m...mijMSL-.s |Q| [WSO(Q/ )]rl mrwkl( )// Ysy v+ ysstg

1i k r+k—i,0 o o
ZZ T o (@30 V5 Q) o, / (Yrmitr + 3% ) - (e + 20 sy - s,y

/
[e7

16



Self-influence tensors for polarization fields in V"

1 r, / S /
. sothat (v7ee),, msns. = = V00U it (20) WS (2 )]or s,

[
2 )! k) k—i,0
Z |F§szlk1 kk( )[WTJF A () ks iy // (Yk—i+1 + ngﬂ—l) (YK + xza)ym e yssdyﬂ
k=1 1=0 «
Note that [ (i +27.0) .. (s +2)")yar ...y, dv, TETETS tO the components of
Q7 o
7 s d Z 1—1 s
/, (y+2y0)" @y dvy = /Q [ (t) (2,0)%  ©y™| @y tdyy
o a [t=0
iy i—t,t N i1
Requires to know = Z ( ) Tyo) O W) |= W@l

Wol (90), - Wo ()
Eventually, we obtain the following estimates of the “r-s self-influence

tensor of Q. s < p
"""""""""" T
(nTgSa)’r'l rrigklsy...s4 — —[WO’O(Q/O‘)]T:LTTF%]kl(QW@)[WO,O(QZJ{)]Sl38 fOI‘ a;nyfy#a

n k i
1 (=" )
(k )"L' tjklkq. kg,

+k—1,0 A tls,0
T | A (97| P £ VX (0708 | PN

Most likely, (" T ¢" ) vy ...ryijhisy...ss 7 (" Tont)sy...suijklry...r, CONSider having a symmetric estimate
n e
( T?“ S )Tl...r,nijklsl...ss

D)
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What about local equilibrium of the polarization field?

* For a piecewise polynomial trial field given by

N —1 p
k
T (z) = ) (Xa(z)v'o‘wa(z) <To‘0k,(Ao‘z)® > )
a=0 k=1 &
Ne—1 D k L
h . _ .
Tz'jp(g) — Z X(Jé(&) T% _I_ZZ (nﬂz))TZak 11...1 22...2 (Aaﬂfl)nl(z) (Aailfg)k n1(?)
=0 h=11=0 (n1(7) times) (k — nq (7) times)
where A%z :=z — z*
tau( o ,&tau@,&tau grads,dxl,dx2):
tau=taud[3q .. 3(a +1)-1] In Mandel {r}|[{o7}]
for k in [1.. pl: representation {0°T}
istart=3n, ((k-1)%+3(k-1))/2 {9°7}
for i in [0.. K]: ;
if 1%2==0: nil=k-1i/2 ; ni2=k-nil 5
else: ni2=k-(i-1)/2 ; nil=k-ni2 {977}
tau+=sqrt(Binom(k,nil))*tau grads[istart+3a(k+1)+3i.. istart+3a(k+1)+3(i+1)-1]*dx1nil*dx2k-nil)
taul[2]/=sqrt(2)

* A local error in equilibrium is given by ¢(z) := ||V - 7" (2)|| Yz € Q. . We get

V-7l (2)] e = 7505 + ZkTw ki ARy A%y, Yz € G,

D k—l
k—1 . .
hyp ] Y | k « n1(2 o k—1—n1(2
V-t ()] e =100 + > Y ( )lmja 1.1 o2 (A%)M D (AY,) (8)

n1 (1) N

<n1<z‘>>’<k —1—m (i)

so that ... 18




What about local equilibrium of the polarization field?
... we have the following components

p k-1
k - 1 le" ni(e (o7 —1-n1(2
[V . 'Thp (g)] . Ql g 7_11811 —|— Z Z (’n,l(’[:)>k7-118k 11/_\__1 221.\..2 (A le) ( )(A x2>k 1 ( )
2 (na () =Nk —1 —na (i)
— [k — . ,
+ T al + ( . )]{ZT ak: 11...1 22...2 A%x n(4) A%x k=1-n1(3)
1209 kz:;; nl(z) 12 iy 2. - . (\ 1) ( 2)
and e (n1(2)) (k — n1(2))
— (k-1 . .
[V . ’Thp (@)] "€y = 7'128j1L + Z Z (n (Z)) /{Tlgak 11...1 22...2 (Aal‘l)nl(z) (Aax2)k—1—n1(z)
. 1 P A ~ A A ~
o= (n1(4) +1) (k — 1 —na(0))

p k—
k — . |
+ 7'228% + Z <TL1 (Z)) k7'228k 111 22jc2 (Aaajl)nl (7) (Aax2)k—1—n1(z)
e (n1(8)) (k — n1(2))

and the following is implemented:

div _error( o« ,&tau@,&tau grads,dxl,dx2):

div tau=[0,0]

for k in [1l.. p]:
istart=3n, ((k-1)2+3(k-1))/2
for 1 in [0.. Kk]:

if (i%2==0): nil=(k-1)-i/2 : ni2=k-nil
else: ni2=(k-1)-(i-1)/2 ; nil=k-ni2
if (nil1>0):

fac=Binom(k-1,nil-1)/sqrt(Binom(k,nil))

div_tau[O@]+=fac*k*tau grads[i start+al*(k+1)*3+i*3]*dx1**(nil-1)*dx2**ni2

div tau[l]+=fac*k*tau grads[i start+al*(k+1)*3+i*3+2]/sqrt(2)*dx1**(nil-1)*dx2**ni2
if (ni2>0):

fac=Binom(k-1,ni2-1)/sqrt(Binom(k,nil))

div tau[O@]+=fac*k*tau grads[i start+al*(k+1)*3+i*3+2]/sqrt(2)*dx1**nil*dx2**(ni2-1)

div_tau[l]+=fac*k*tau grads[i start+al*(k+1)*3+i*3+1]*dx1**nil*dx2**(ni2-1) 19

return sqrt(div_tau[0]**2+div tau[1]**2)




What about local equilibrium of the polarization field?

* For a piecewise polynomial trial field given by
p
e (z) =Y <xa (2)7° + Xa(z) Y (78", <A%>®’“>k>
o k=1
where A% :=z —z“. Then,

p
— . 7he / _ a gk a, \@F 1 /
0=V -7"(x)VzeQ, = 0 Z<T8,(A x) >k_1V§€Qa

k=2
so that we have 720, =0, e Due to continuity of polarization field, we
0%, A%z, =0, have 95y, 1,7 = Or:xs. 17y fOr every

P98 A Ay = 0 permutation (k;,kQ,...,kk) of (k1, ko, ..., ki)
JR1R2 1 2 ’

« Then, we enforce equilibrium as follows:

71:0; = 0 71101 + 17502 = 0
7500k, ATk A%y, =0, 138 o = %‘181 + 10‘282 0
Ty, 05 = T1201 + Top02 =
’ a3
7138%11 O 7_118111 —|— 7-128%11 — O 7_1]8 O foélafl _|_ 7328%1 — O
(8% _
713 8322 O 7'118122 T 7'128%22 =0 7-138 =0 7-10‘18%2 + 7-1042(952 =0
) 7198312 AN 7'115)112 + 7150515 =0 N+ S92 = 0 = | a2 Lhrag2 —o
70 H3 O A T a 4o 93. . =0 2] 12¥11 22Y21
2] 311 120111 220911 G 3 —0 TU02, + 1892, = 0
707 T 0799 + 7850555 1= 0 27 .
250522 = 120122 220922
3 « o _
(7250512 = O (7120712 +7250515/= 0

20



What about local equilibrium of the polarization field?

* Consequently, we intend to compute
{1101, 71102, 75501, 73502 }
2 2 2 2 2 2
{71101, 711050, 711072, T95 011, T95 055, 95072 }

a 93 a 93 a 23 a 93 a 93 a 93 a 93 a 93
{7'11811177'11822277'11811277'11822177'22811177'22822277'22811277'228221}

by solving for a stationary state of the HS functional, and...

* Compute  {7%0:,7%0:}
2 2 2
{112011, T12059, 15075 }

a 03 a 93 a 93 a 93
{7'1281117 71282227 71281127 7'128221}

from local equilibrium constraints (see previous slides).

21



HS functional for trial fields in V" (derivation)
From our definition of the estimates of influence tensors, we obtain

The . (T x 7he) =

ampayy Y o (MpaYy Y o (MY 2 g
Tij( To,o)wk:lTkz +7'7;j( To,l)zjkl81asl7'kz +7'7;j( TO,Q)ZJk'lSlSQaSngle Tt

n oy n oy n oy 2
+ O, ng( 1} ,0 )Tlljlekl + Or, Tz]( Tl 1 )TlljklslaslTkl + O, ng( 1 2)7°1@Jk58182 851327-kl T

+ 87%17“2 Tij (antg)T1T229lekl + azlfrz T (anéY>T1T2@JklslaslTkl + 872’17~2 T (nTa’y)T’ﬂ’ﬂjlelSQ 831327-IZZ + ...
oo which werecastin ..
: p P :
' +~hp - hy,) — a.n Oé’Y v T a n ay ~vaQS I
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The other term, 7h» : (ALL)~! : 7h» can be calculated exactly:
After change of variables, we have:

The o (AL)~1: 7hw = /(ALa)wkldl/kal + 7 /(AL“);jilxrdug(?rTﬁ
o o +73 /(ALO‘);jilxracsdny Tt +

+ 0p 755 /xT(ALO‘)wkldykal + 07 /xT(ALO‘)wklxsduxa T o
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2 _|_8r7-% /Q?r(ALa)wklxsxtdyxastTkl +-
+ 833 Tij /xrms(ALa)zgkldyiUTkl 2o
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HS functional for trial fields in V"
.. which we recast in

where AM* := (L* — L")~* so that the following estimate of the HS
functional is obtained

"H(rTh) = 7he i —1/27M0 - (AL)=L : 7he — 1/27h (T % 7ho)
so that we have

"H(rhe) = Z ( +§i:< 0" W) :s)

_Z Z AM“ : (caTO‘ RTY + zp: <Taar’ <W5+870(Qg‘>’ 887a>s>r>
-3 20; Zy: (7-0‘ "Tog 77 + <3r7a’ ("T73,778°%) +2>r+2>
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Now, we want to solve for the stationary state of the functional, i.e. find

{r*,0"t* |1 <r<p} foralla s.tg(r"») is optimized.
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2D Formalism

* Generalized Mandel notation

* Solution of global stationarity equations
* 2D Stroh formalism

* 2D integral Barnett-Lothe formalism
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“Generalized Mandel representation” for assembly of a

global system of stationarity equations
The components of 8"r are stored into vectors of the form

r=20
_ 7_111 _
7'221
\/527'12
._ T
{t}:= L1
T2

\/57'12 2

3(r+1)ng x 1

3ng X1

{87} :=

r=1

1 —
61 7—11

817'212
\/5817'112
027'111
827'212
\/5827'112
817'121
617'222
\/5817'122
327'121
027'222
\/5827'122

3(r+1)ng x 1

6n, x 1

{97} =

r=2
01172
\/526% 117'112
o)
032Tao
\/58%27'112
\/58%27'11 1
\/53%27'212
\/526%227'112
8% 1 7'12 1
011732
\/528% 127'122
3%27'12 1
032T32
\/58327'122
\/58%27'12 1
\/58%27'222

2 2
2075715

3(r+ 1)ng, x 1

In, x 1

{837} =

r=3

6%117'212
\/533:%1117'%2
8%227'111
0599Too
\/533227'112
\/gai))lﬂ-lll
\/3313127'212
\/63%127112
\/58%227-111
\/58%227'212
\/6?(?%2227'112
8%’117'121
0711732
\/533%1127'122
6%227'121
0509T59
\/533227122
\/33%127121
\/53%127'222
\/68%127'122
\/58{’227-121
\/53%227'222
\/63?227'122

12n, x 1

- o3 1A
0111711

3(r+1)ne x 1

{97} =

r=4
6)311117'111
01111722
\/546%11117112
831:2227'111
0322929
\/5832227'112
\/‘_18%1127111
\/4_18%1127212
\/56%1127112
\/68%1227'111
\/63%1227'212
\/ﬁailuzﬁlz
\/18%2227'111
\/‘_13%2227'212
\/§43%22227—112
a111117'121
01111732
ﬂf%111;'122
8312227'121
03292T32
\/53512227'122
\/‘_16%1127'121
\/‘_13%1127'222
\/§8%1127'122
\/68%1227'121
\/68%1227'222
\/Eail1227'122
\/4_18%2227121
\/‘_18%2227'222
\/§8f2227-122

3(r+1)ne x 1

15n4 x 1
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“Generalized Mandel representation” for assembly of a

global system of stationarity equations
The components of @ W, °(.,) are stored into vectors of the form

r=20 r=1 r=2 r=3 r=4
c1e1 511(W01’2(Q’1))1 511(W€’8(Q’1))11 [ g11(”4;;’2(9’1))111 511(Wo (91))1111
\/%152_2 g22(Wo’1(09'1))1 g22(‘/‘/0’2(09'1))11 g22(Wo’3(09'1))111 e (Wy' (OQ’))1111
i 0205115112 \/5512(11/%’ (52/1))1 \/5512(1/;/%’ (52'1))11 \/ﬁglz(vg%’ (521) 111 \/_612(W0 (Q1)1111
{7} i ;112%017058/%;2 ;11%%02’08/13322 gllgx%’ogg}igzzz ?12%0 Eg}igzmz
J3esmis \/5252 (19[/1’0(;2' )2) \/52_2 &/270 ;2/ 22 \/52_2 I?[/?’vo ;2/ 222 \/_22 1?1/ ;2, 2222
. “E12 i) 1))2 f12( 020( 1))22 512( %0( 1))222 2€12( 0 ( 1))2222
ol g = 811(W01’0(Q'2))1 \/5511(W02’ (21))12 \/gfll(W%’O(Q'l))m fell(W% (€1))1112
3 % 1 522(W0’1(OQ/2))1 \/5522(W02’2(Q/1))12 \/5522(W%’0(Q’1))112 \/_522(ng (29))1112
“ \/5512(11/%’ (22))1 VAL (W ()12 \/Bglz(W%’O(Q/l))nz \/—612(W91 (2)1112
g11(Wo1’0(9'2))2 (g2 = | En(g%(Q8))n V32 (W (2)))122 \/_511(W0 (9/1))1122
E22(Wy 7 (€25))2 22 (W5 " (2%))11 V3222 (W (9))122 V622 (Wy° (9’1)) 112
V21(W, 2 ()2 V212 (WP (95)11 V6E12(W5 2 () 122 V1221,(W5 (0 )1122
: fné%@’sgg%;gﬂ (g%} = ?115%@’28%;111 ?&1%% Egli; 222
- €22(Wy7 (825) )22 €22(Wo (1) )111 4899 1))1222
6na x 1 \/_512(W0 (9:2)) \/5512(W%’0(/Q/2))111 &= \/_512(W (52,1))1222
gingwmgg?igw ;ngx%ogg,z%;zzz ?12%%028/2;31111
VI (Ve @)1, VB (20 V(T (O)) 11
€12\ Vg 2))12 \/5512(1/[/%:0(9/2))222 861(21/1/ O(Q )2) 1111
: 11 (W (825))112 n(Wo 2222
V3222 (W5 ()12 Eoa(Wy' (%))2222
Ing x 1 \/6512(Wg’0(9/2))112 \/_612(W0 (925))2222
3211 (W0 (9%))122 VAEL (W (%)) 1112
V3822 (W5 () 122 \/ZIEQQ(WSL’O(Q/Q))HH
VBZ12 (W (925)) 122 \/5512(W61’0(Q'2))1112
V6E11 (Wy P (%)) 1129
\/6522(W61’0(Q’2))1122
12nq x 1 \/ﬁgu(Wé’o(Qé) 1122




“Generalized Mandel representation” for assembly of a

global system of stationarity equations
The components of 8"+ are stored into vectors of the form

r=20 r=1

_7111_ -317'111-

7'212 a17'212

{7-} = 7'121 827'111
2 a 7_1

T22 2 ;)22

. {87’} = 817'11

- a17'222
D)

2(r + 1)n, x 1 D271, )
- ARG
2nq X 1 L J

Gradient components of the shear trial
field are enforced through constraints
derived from local equilibrium.

r=2

- 92 1
O117i1

iy
032Tao
\/58%27'11 1
\/50%27'212
8% 1 7'12 1
3; 7'222
8%27'12 1
03T
\/58%2712 1
\/52%272'222
207571y

{8°T) =

r=23

31
65117'212
8%227'111
O399T52
3 1
\/581127'11
3 1
\/38112722
3 1
\/331227'11
3 1
\/351222722
8%))117'121
8%117'222
8%227'121
O399 T35
3 2
V393,
3 2
V3031573,
)
\/381227'11
)

\/581227'22

3 1 7
0111701

{9*r) =

r=4

[ 5?11117'111

8}11117'212

8312227'111

0322939
\/213%1127'111
\/218%1127'212
\/68111227'111
\/68111227'212
\/218%2227'111
\/‘Iail2227'212

4 2
8}1111711

2
6}1 111 7'222
a32227'121
02999 T5o

4 2

\/2181 112711

4 2
\/‘_1311127'22
4 2
\/681 122711
4 2
\/681 122722
4 2
\/‘_1612227'11

4 2
\/‘_1812227'22
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“Generalized Mandel representation” for assembly of a

global system of stationarity equations (tri)
The components of @ W, °(.,) are stored into vectors of the form

r=20 r=1 r=2 r=3 r=4
c1e1 511(W01’2(Q’1))1 511(W€’8(Q’1))11 [ g11(”4;;’2(9’1))111 511(Wo (91))1111
\/%152_2 g22(Wo’1(09'1))1 g22(‘/‘/0’2(09'1))11 g22(Wo’3(09'1))111 e (Wy' (OQ’))1111
i 0205115112 \/5512(11/%’ (52/1))1 \/5512(1/;/%’ (52'1))11 \/ﬁglz(vg%’ (521) 111 \/_612(W0 (Q1)1111
{7} i ;112%017058/%;2 ;11%%02’08/13322 gllgx%’ogg}igzzz ?12%0 Eg}igzmz
J3esmis \/5252 (19[/1’0(;2' )2) \/52_2 &/270 ;2/ 22 \/52_2 I?[/?’vo ;2/ 222 \/_22 1?1/ ;2, 2222
. “E12 i) 1))2 f12( 020( 1))22 512( %0( 1))222 2€12( 0 ( 1))2222
ol g = 811(W01’0(Q'2))1 \/5511(W02’ (21))12 \/gfll(W%’O(Q'l))m fell(W% (€1))1112
3 % 1 522(W0’1(OQ/2))1 \/5522(W02’2(Q/1))12 \/5522(W%’0(Q’1))112 \/_522(ng (29))1112
“ \/5512(11/%’ (22))1 VAL (W ()12 \/Bglz(W%’O(Q/l))nz \/—612(W91 (2)1112
g11(Wo1’0(9'2))2 (g2 = | En(g%(Q8))n V32 (W (2)))122 \/_511(W0 (9/1))1122
E22(Wy 7 (€25))2 22 (W5 " (2%))11 V3222 (W (9))122 V622 (Wy° (9’1)) 112
V21(W, 2 ()2 V212 (WP (95)11 V6E12(W5 2 () 122 V1221,(W5 (0 )1122
: fné%@’sgg%;gﬂ (g%} = ?115%@’28%;111 ?&1%% Egli; 222
- €22(Wy7 (825) )22 €22(Wo (1) )111 4899 1))1222
6na x 1 \/_512(W0 (9:2)) \/5512(W%’0(/Q/2))111 &= \/_512(W (52,1))1222
gingwmgg?igw ;ngx%ogg,z%;zzz ?12%%028/2;31111
VI (Ve @)1, VB (20 V(T (O)) 11
€12\ Vg 2))12 \/5512(1/[/%:0(9/2))222 861(21/1/ O(Q )2) 1111
: 11 (W (825))112 n(Wo 2222
V3222 (W5 ()12 Eoa(Wy' (%))2222
Ing x 1 \/6512(Wg’0(9/2))112 \/_612(W0 (925))2222
3211 (W0 (9%))122 VAEL (W (%)) 1112
V3822 (W5 () 122 \/ZIEQQ(WSL’O(Q/Q))HH
VBZ12 (W (925)) 122 \/5512(W61’0(Q'2))1112
V6E11 (Wy P (%)) 1129
\/6522(W61’0(Q’2))1122
12nq x 1 \/ﬁgu(Wé’o(Qé) 1122




“Generalized Mandel representation” for assembly of a

global system of stationarity equations
Compliance matrices are defined as follows

AMloélll AM106122 ﬂAMinlQ
[AM®] = | AMS,,  AMSw,  VZAMS),
3x3 \/iAMf‘QH \/§AM1O§22 2AM 75

so that the components of AM> g w:*™° are stored into matrices [AM* @ W;™""] defined by

F 12,0 [y o 2,0 /y/ o 3(r+1)x3(s+1)
AM 111,01, | (Wo (20))u[AM®] - (Wo ™ (24,))12[ AM?]
AME @ WO = b alane] (W (0)ml AL
AM® © W2H0] = (W5 (QU))m[AM®] (W2 (2,))122[AM®] V2(W5(9,)112[AM®]
650 (W (U )112[AMO] (W50 (2, )) 222 AM®] \/i(Wg”o(%))lzz[AMa]
[AM® @ WT0] .= (W ()i [AM®] - (Wo(Q))1202[AM®] VB(Wy " (2,))1112[AM] \/g(Wé’O(Q&))MM[AMO‘]}
6 120 LW () 1112 [AME] (WSO(Q&))zzzz[AMO‘] V3WEC (U ))1122[AM®]  V/B(WHO(S2,)) 1222 [ AM]
[AM® @ With0] .= [(WSO(Q )11 [AMO] (W (L)) 12222[AM®] VAW (Q%))11112[AMO] VE(Wy % (Q))11122[AM®] VAW (%))11222[AM“]}
0 (W () 11112[AMO] (W50 () 22200 [AM] \/_(WgO(Q&))nm[AMa] V(W % () 11222[AM®] VAW % (L)) 12222[ AM]

6 x 15

\deilocal(a,s=1,r 2,1= 6.;8,2J00...3) (W30(Q)) 111 [AMP] (WEO(Q,))112] AMO] .
[AM* @ Wy = (WS’Z(OQ&)) 122[AM“] (W ( ' ))a222[AMC] | = [AM® @ Wy tHoT
9 %6 V2(We (U ) 112[AMO] V2(W5 () 122[AM]
pro (Wo () 1111 [AMC] (Wo40( n))1122[ AM] \f(WSLO(Q ))1112[AM]
[AM® @ Wy 2% == | (W3 (%)) 1122[ AM] (Wy° ( ))2222[AMQ] V2(Wy * () 1222[ AM]
9%9 V2(Wy () 1112[AM®] V2(W5 ' () 1222[AM®] VAW, (%)) 1122[ AM]
o (W (24))11111[AM?] (WS)O(Q&)) 1202[AM®] VB () 11112[AM®]  VB(Wo Y (Q4))11122[AMC]
[AM® @ Wy i= | (W52 (2,))11122[AM®] (W (Qa))22222[AM | VB () 11222[AM®] VB () 12222 [AM®]
9% 12 V2(Wy () 11112[AM?] \/_( PO () 12202 [AMY] VB(Wy () 11122[AM®] VB () 11202 [ AM]
(W (%))111111 [AM] (W (U ))112222[AMC] VAW ()111112[AM®] V(W ())111122[AM®] VAW (Q,))111222[ AM®]
[AM® @ Wy 27 = (VV(?’O(Q ))111122[AM°“] Wy (Q ))222222[AMQ] VAW (U))111222[AMO]  VB(W () 112222 [AMO] VAW (L)) 122002 [ AM?]
9% 15 V2 (QU))111112[AM®] V2(Wg () 120022 [AM] VB(W % (%)) 111122 [AM®]  VI2(W5 ™ ())111222[AM®]  VB(W5™(Q2,)) 112222 AM?]



“Generalized Mandel representation” for assembly of a
global system of stationarity equations

so that the components of AmM~ @ w;*"? are stored into matrices AM~ g W,

witr0) defined by

3(r+1) x 3(s+ 1)

I (WQ’E(Q&))MM[AMO‘] (WQ’E(Q&))HH[AMO‘]
AM® @ W) . \/(_Wo’4(09&))1222 [AM?] \/(_Wo 4(09' ))2222[ AM®] [AM® @ W **°] = [AM® @ Wy 1" vr, s
' 2(Wy " (924))1112[AM?] - V2(WV, (Q' ))1122[AM?] _ o s+7,0 o s+7,01T
12X WO 1 AME] VIO Ao | |7 =5 = [AMT@WETT = [AM® @ WeTTTE
‘dMW_LOCBl.(a,S=Z,r=5 1=3..5,J=0..3) ‘ M
] (W()S’O(%))lllll[AMa] (W (€2,))11122[AM] ﬂ(Woi’g(Q;))lmg[AMa]
AM® @ W2H39] .= | (Wg’(;(gzg))nzm [AM] (W()S’z(OQ/oé))zzmz[AMa] \/i(W%’O(Q;))lmm [AM“] M| = [M,]* Vr, s
9w V3" (2)11112[AM®] - V3(W () 11222[AM] VE(W, () 11122 AM] M. 1 — v 1T _
VBV () 11122 AM®] VB(Wg ()12 AMO]  VBWg (@) 1nzza[Abe]] | Moir] = Mo [T = =
[ (W% () 111111 [AM] (W2 (U ))111222[AM] VBV (U ))111112[AM] VB () 111122[AM]
AM® & W] = (WS’Z(O%))MMM[AMO‘] (Wg’(;(é?&))zmm[AMa] \/§(W(Z’2(Q;))112222[AM0‘] ﬁ(W(Z’Z(%))umm[AMO‘]
0 V3(Wy () 111112[AM®] - VB(Wy () 112222 [AM?] VO(Wy " () 111122[AM*] V(W () 111222 [ AM]
1212 VB Y (Q))111122[AME] VB(W 2 (Q)) 120222 [AMC] VI(W () 111222[AMC] VI(W* (2)) 112222 [ AM]
[ (W () 1111111 [AM?] (WJ’O(Q&))1112222[AM“] \/_(WJO(QL))1111112[AM(’] VO (U ) 1111122[AM®] VAW () 1202[AM]
[AM® & W30 .2 (WJ’O(Q&))MMM[AMO‘] (W, ( 1))2222222[AMC] VAW () 1112222 [AM®]  VB(WG () 1122222 [AMO] VAW () 1222[AM]
0 ' \/§(Wo (Q Nitt1112[AM?] \/_( T0(Q)) 1122002 [AM®] \/_(Wo?O(Q Nitti22[A Ma] VIS(WY (U ))1111200[AMO] VI2(W 2 (Q)) 1202 AM®]
12 <15 \/_( ( o))1111122[AM®] \/_(Wom( ) 1222202 [ AM] \/1_( (Q 1111222 AM] \/E(WJ’O(Q ))1112222[ AM?] \/E(WOZO(Q ))1222[AM*]
i (WSO(Q Ni1111111 [AM?] (W, ( ! 11112222 [AM?] \/_(Wgo( L )11111112[AM?] \/E(W(?O(Q )11111122[AM?] \/Z(W(?O(Q/ ))11111222[AM?]
(Wgo(Qa))nuzzzz[AMa] (W, ( 1)) 22222002 [ AM¥] VAW, ( ! Mitiz2222[ AM®]  VE(WEP(QL)) 11220222 [AM®] VAW (QL)) 12229200 [AM]
[AMQ®W§+4’O] = | VAW (Y )11111112[AM?] \/_( SO ) 11122202 [AMO]  VI6(WE (Y)) 11111122[AM®] vV/24(WFP (U)) 11111202[AM?] \/_(W(?O(Q' ))11112202[AM®]
15 x 15 \/_(Wgo(Q D)it111122[AM] \/_(WBO(Q ) 11222222 [AM] \/—(Wgo( I D1in11222[AM®] V36(W5 2 (QL) 11112202 [AM®]  V24(W3 ' (QL)) 11122222 [ AM]
VAW () 11111222 [AM®] VAW (L)) 12292200 AM] \/_(WOSO(Q' Nit12222[AMO]  V24(WE () 11122200 [AMO] VIG(W* (Q)) 11222092 [ AM?]

and global Minkowski-weighted comphance matrices are constructed as follows

co[AM?] 0 0 [AMC @ Wit
[Mo,0] := 0 . [A:Ml] O and [M; )= O
| 0 0 cna_l[AM"a_ll / i O
31 X 31 3m(r + 1) X 3ma(s 1+ 1) (for r>0 and s>0).

0
[AM! @ Wit

[AMna—l '® WS—H" 0]_
30




“Generalized Mandel representation” for assembly of a
global system of stationarity equations

* The components of the influence tensors "Tg, are stored into matrices of the form /

T3] =

("To)1111
(”T&S‘)zm

("To ) 1122
("Tag)mm

V2("T§6 1112
ﬁ(”TQS‘)gm

33 V2("Tg 0 )21 V2(" TG0 ) 1222 VAT ) 1212
The components of the influence tensors "T, are stored into matrices of the form / | , _;
[ T Tipopinn V2Tipopuin T Topopinyr V22111 Ty iratiite i= ("T0) g msish
Tij11)221 Tijpopopn V2Tipoen Topijez Toppoppopn V2Top12)2211 sulrsliglk - nl’lemm
[NT’IYOH - \/§T1|11|12|1 2T1|22|12|1 \/ZT1|12|12|1 \/§T2|11|12|1 2T2|22|12|1 \/ZT2|12|12|1 T8152|7"8|ij|k ::< T2,1)slsgrsijk
6 x Tij1)11)2 Tioptz V2Tipente Tepipape ootz V2To12)11)2 Tyyspsslrstijle = ("T85 ) s sasarsijk
Tij11)22)2 Tijoopp2z V2Tup222 Topijazpa Toppopoz V2To)19)20)2 e _ (e -
V2T V2Thje2pziz VATi2122 V2T opipze V2T a2t VAT 12)12)2] susasgsalrsliglh = (T4t )sisasasarsiih
[ T Tiippzpan V2Tuipepin Teopjiin Tosppopin V2Toopopnin V2Tionipnip V2T VATi2p12)11)1]
Ti1)11)2211 Tirjozjoon V2Tuipzpen Teoiijezn Toojanjozpn V2Toopoppepn V2Tiopajeepn V2T i2je2j02n VAT12)12)22)1
[anya] .: V2Tyipipen V2Tiajezpen VATi2pzn V2Teoipizn V2Taopopon VAToopzpen VATi2n112n VAT 920121 V8T 2o
2,10 Ti111)11)2 Tiipopnn V2Tuapepye  Teapiijiige Tosppotz - V2Toopopte V2Tionipie  V2Tie2pn1e VAT1212)11)2
6x9 T11)11)22)2 V211222 Tooripez)e Toopaopae V2Toopopae V2Tioj1j222 V2Th22212212 VAT 191202212
V2Tiijnipze | V2Tinjezpizie VAT 121122 V2Thapijizie V2Thaea122 VAT 1211212 VAT 1911212 VAT 1912011212 V8T h2112)12)2]
>ki=:[°/o3, i=(I-ki)/3, if 1%2==0: nrl=r-i/2
r else: nr2=r-(i-1)/2
T local(y , q,5=2,r=1,1=4,3=1) = T_sym_infl(~ , o ,ns1=2,ns2=0,1jk1=2222,nrl=1,nr2=0) |kj=J%3, j=(3-kj)/3, if j%2==0: nsl=s-j/2
| ! | else: ns2=s-(j-1)/2

[ Tiiipnpnan Thi1p22)11)1 \/§T111\12\11\1

Ti11)11)221 Ti11)22)2201 2T 11)12)2201

[nT’YOé] o— | V2T1apnapen V2Te2pepn VAT111121211
3,11 - Tiiin)at2 Ti11)22111)2 2T111112)11)2

6 x 12 Ti11)11)22)2 T111)22)22]2 2T111)12)22)2

LV2T111)11112)2

Thinij22nin
Ti111)2212211
\/§T1111\22\12\1

[ Tiupn
Tiinipaje2n
\/iTun\umu
T2 Thi11)22011)2
Tiri11j22)2 Ti111j22)22)2
,\/§T1111\11\12\2 \/§T1111\22\12\2

"T15] ==
6 x 15

2T111)22)12)2

= T sym infl(¢, ¥ ,nr1=1,nr2=0,ijk1=2222,nsl=2,n52=0)§

V2T 12111
\/QTHH\IQ\QQM
\/‘ITunuzmu

21111 1201112
\/ETuuuzmu
\/ZT1111\12\12\2

VAT 11)12)12)2
Toooapnjiif
Tooza)11)221

V2To22011 1211
Tao02)11)112
Toozo11)22)2

V2Tassaiipizpe V2Tha20p2)12)2

Tooa11)1101 Tooop22)111 \/§T222\12\11|1 \/§T112\11|11\1
To2)11)22)1 Too(22)221 2T592|12)22/1 3111211221
2T590)11 1121 2T 5900221121 4159912121 6T 12)11)12/1
Tooopi1)112 Too(22)11)2 2T590012)11)2 3T11211)11)2
Tooo(11)22)2 Tho9(22)22)2 2T590012)22|2 3T112)11)22)2

2T590)11112)2
Tozo2p22)11)1
Tho29)22)221

V2T220p22121
Toz2122)11)2
To292)22]22]2

2T590)22112)2
V2T oasa1211111
2T5292)12)22/1
VAT322001201211
2T5292112)11)2
\/iT 222(12]22|2

6T112)11)12)2
VAT 92211n V8T 111212110
ﬂTmz\-zzm\\ \/gTIIIQMZ\'ZQ\I
\/nguz\zz\uu \/ETluzuzuzu
AT 119)22)11)2 8T111212)11)2
VAT 112)22p22): 8T 112)12]22)2

AT59912/12)2
VAT 911110
VAT, 12|11]22)1
8T1112)11)12)1
AT 11911)11)2
\/‘ITll\‘)“”‘ 2|2

\/1T2222\12\12\2

\/§T1112\11\12\2 \/§T1112\22\12\2 V16T1112)12)12)2

\/§T112|22|11\1

ijkl=list-of ijkl[ki][kj]

list of ijkl=[[1111,1122,1111]1,[2211,2222,2212],

[1211,1222,1212]]

31112221221
617112)22)12)1
3T112)22)11)2
3T112)22)22)2
6T112)22)12)2
V6Ti1221111 1
\/BTH-Z-Z\H\QQU
\/ﬁTuzz\u\uu

6T1122)11)11)2
\/6Tuzz\u\zz\z

VBT119)121111
6T7112)12)2211
1271191211211
6T112)12/11)2
6T"1212)22)2
12T119)1912)2
V6T112212211111

6T1192)22)22)1
V12T 199122121

V12T 1199121111
V12T 199)19)221
V24T 11921211211

V3Tio2111111
3T122)11 221
6T122)11)121
3122111 11)2
3T190)11)22)2
6T190/11]12)2

VAT 9991111111

ﬂTmz-z\llm\x
V8T 2201111211

V3Ti220291111
3T 90)22)22/1
61 90)22(12)1
3T190)22)11)2
3T190)22|22)2
6T"190)22/12)2

6T 1122122/11]2 \/ﬁTnzzuz\n\z AT1222011)11)2 4T1222022)11)2
\/6Tll”\“|“\’ \/ETU‘)‘)H‘\“\‘) \/‘ITW")‘)HH"\‘) \/LITV‘"\“\"\‘

8T1922)22/12]1

V12T 1199)11)12)2

V12T 129)22)12)2

V24T 1199)12)221

\/§T1222\11\12\2

\/ng222\22\12\2

\/6T122\12\11\1

6171221122211
12T129)121211
6T'19012/11)2
6T"199)12)22)2

V12T 19912)12)2
VAT 299291111
AT 999)20)22)1

V8T 12991211111
8T1292)12)22/1
\/ETuzz\uuzu
8T1292)12]11]2
8T1929|12]22)2
VI6T 2220121212

31




“Generalized Mandel representation” for assembly of a
global system of stationarity equations

The components of the influence tensors "T79 are stored into matrices of the form /

V219111011 |

["Ty5) =

9%x6

["T55] ==

9x9

"T35) ==
9x 12

T35 =
9x15

Tij1)1111
T1j11)22)11
2T )11)12)11
Tij1111)22
T1|11)22)22

V2T 11)12)22

2711191112
2T1|11)2212

\/ZIT1|11|12|12

UASTESTESTES!
Ti1j11)22)11

27111112011

Ti1111)22

T11j22)11)11

Tij22111)11
T7)22)22)11
2T1)22)12)11
T|22111)22
T7|22122|22

V2T 92)12)22

2111221112
2T71)22)22(12

\/ZLT1|22|12|12

T11)22)2211
211122112111
Ti1j22(11)22

V2T112111 11
2T'11)12)22)11
AT11)1212)11

V2T1 12011122

V2T 1211111

2T1)12)22)11
4T 1211211
2T 112111122

V2T |19)20)22
VAT 12)12)22

411112111112

VAT 12)22)12
V8T 1212)12

Toz11)11)11
Tr2)11)2211
2T52)11)1211
Toop11)1122

Top11)1111
T3)11)22/11
2T5)11)12)11
Top1)11)22
T3)11)22)22

V21511 )12)22

2T511)11)12
2T5)11)22/12

\/ZIT2|11|12|12

Tr122)11)11
T2)22)22/11
2T52)22)12)11
Top22(11|22

T221111
131222211
2151221211
221122
T5122122)22

V2T592(12)22

2131221112
2T5)2222/12

\/ZT2|22|12|12

V2Tos1211 111
2T52)12)22)11
4T59)12)12/11

V25012011122

T11)11)22)22

27110111222

2T 111112
\/§T11|11|22|12

T11)22)22)22

V2T11)22/12)22

2T11)22111 12

\/§T11|22|22|12

V2T1)12)22)22

AT11)12)12]22
4T11)12)11)12

\/ZT11|12|22|12

Thi11n)11)11
Thi1j11)22)11
2T 11 11 )12)11
Tir11p11j22
Ti11)11)22)22
21111111222
2T 1111112
2T 11)11)22)12
VAT 1111 )12)12

_\/‘_lT11|11|12|12

Ti11j2211)11
Th11)22)22)11
2T111)2212)11
Th11)22)11)22
Th11)22)22)22
2T111)22)12)22
2T111)22)11)12
2T111)22)2212
4111112212012

41112211212

V2T 12111
2T111)12)22)11
8T111)12/12)11
21111121122
2T'111)12)22)22
8T111)12]12]22
AT 11121112
4Th11)12)22112
8T111)12)12)12

Tiinaun
Triripgezn
\/§T1111\11|12\11
Tinnini2e
Thy11)11)22)22

2T111)11)12)22
\/§T|||\\11|||\|2
271111111 22012
_\/-/1T| 111[11[12[12

Ti111)22)11)11
Ti111j22)22)11
271111 j22)12]11
Tir122)11)22
Th111)22)22)22
2Th111)22]12)22

V2T, 111]2211]12
2T1111)22)22)12
\/'/ITIIH\'Z'ZHQ\IQ

\/iTllll\lz\ll\ll
2T111)12)22)11
AT 111121211
2Th111)12)11)22
2Th111)12)22/22
AT1111)1212)22

ﬂTllll\lz\ll\lZ
AT1111)12)22)12

\/ngmn-z\mm

Too92)11)11)11
Toz92)11122)11
V2To020p11 12011
Tozo2)11111)22
Tooo)1122)22
\/§T2222\11\12\22

2T5292(11)11)12
V209112212
\/‘IT2222\||\|2\\2

8111121212

Togo)u1j11)11
Tooo)11j22/11
2T50911)12)11
Tro2j11)11)22
To2)11)22]22
2T590)11)12]22
2T592)11)11)12
2T52911)22)12
4T590)11)12)12

Too92)22)11)11
Tr209)22)22/11
2T5999122]12|11
Too22p22|11 )22
Tho29)22)22)22
V2T o000 p22)12(22
\/§T222z\22\ 11[12
V2T 09)99)22)12
\/‘1T2222\22\ 12]12

Too11)22122
2T5911)12|22

\/§T22|11|11|12
\/§T22|11|22|12

AT501112)12

Tozo)22)11)11
Toz9)22)22|11
2T599)22)12)11
To9)22)11)22
T29|22)22)22
2T290)22)12)22
2T290)22)11)12
2T522)22)22)12
AT292)2212)12

T50)22)22|22

V2T )22/12)22

21520221112

\/§T22|22|22|12

V2T50)12)22)22
4T52)12)12)22
AT5o)12)11)12

VATyo)12)22)12

215122211
4T5)12)12/11
2151211122

V25192022
VAT12)12)22

4T312)11)12
AT3)12)22/12

\/§T2|12|12|12_

— (Yo
Tsl|7‘s|ij|kl T ( T1,2)517”8ijk7l
— (e
T5152|rs|ij|kl = ( T2,2)81327'5ijkl
— (Yo
T315233|rs|ij|kl = ( T3,2)8182837”8ijkl

— (Y&
T31525334|rs|ij|kl = ( T4,2)818283847“Sijkl

\/§T12|11|11|11
2T12)11)22)11

4T12)11)12/11
V2Tiop1p11)22

V2T 19)11|22)22
VAT 19)11)12)22

AT1o1111)12
\/ZT12|11|22|12

\/§T12\22|11|11
2T12)22)2211

VAT 191911011
4T12)12)22)11
8T1212)12/11

VAT 212011122

VAT 2)12)22)22

V8T 19)12/12)22

\/gT12|12|11|12
\/§T12|12|22|12

411212211211
V2T2)9201122
V2T 129202222
VAT 19221222

41121221112
VAT 1922)22)12

4152221212

V2T 99121111
2T599)12)2211
8T592)12)12]11
2T592)12)11]22
2T592)12)22]22
8T502)12)12]22
4T59212)11 )12
4T592)12)22)12
8T222)12)12|12

V3T
3T119)11)2211
6T112)11)12)11
31112111122
3T112)11)22)22
6T112)11[12)22
61112111112
6T7112)11)22)12
1271191111212

8152121212

V3T 1922011 11
311122212211
6T112)22)12)11
3T112)22)11)22
3T112)22)22)22
6T112)22/12)22
6T112)22/11)12
617112)22)22/12
12T112)22)12)12

8112111212

V6T 1191201111
6T7112)12)22/11
1271191121211
61112)12/11)22
61112)12)22)22
12T119)12)12)22
1271191121112
12T112)12)22)12
24T11212)12)12

V2T 009121111

2T520)12)22)11
VATs999121211

2T5292)12)11)22
ﬂTzzzz\lz\zz\zz
VATymmp2)12122
ﬂTZZZZ\IQ\II\lz
VATy09)1922)12
\/gT222-2\|2\ 12]12

\/Zanz\nm\u
AT11211)2211
8T 1112)11)12)11
AT11121111)22

AT 112(11)22)22
8T1112)11]12]22
\/gTIH‘ZUI\IIMZ
8T1112)11)22)12
\/ETllmm\lQ\lQ

VAT 1122211111

AT1112)22)22)11
\/§T1112\22\12\11

AT112)22011)22
\/ZTIIIQ\ZZ\ZZ\ZQ
VB8Ti11222112)22
\/§T|||2\22\1|\|2
VBT 11922122112
\/ETHIQ\QQMZU'Z

\/ng112\12\11\11
8T11212)22)11
\/ETuuuzuz\u
8T1112)12]11]22
8T1112(12)22/22
VI6Ti11212)12]22

V16T 1121211112
V16T 1112)12)22)12
V32T 11212112112

\/6T1122\11\11\11
6T 11221112211
127199111211
6T7122)11)11)22
6T1122(11|22/22

VI2T1921112)22

V6T1129)29)11]11
6711221222211
\/ﬁTuzzpzmm
6T1129)22)11)22
67120)22)22)22
12T192)22/12)22

\/ETIIQQ\H\H\IQ \/ETuzzpz\n\lz mTlmz\lz\ll\lz
V12T 101122112 VI2Th109p20122012 V24T 1120012022012
mTIIQQ\Il\12\I2 mT\122|22\|2\12 mTIIQQ\lz\IQ\IQ

V12T 10912111111
VI2T 15512122111
\/ﬂTlln\lz\lz\ll
12T 192)12)11)22
\/ETIIQZUZ\ZZ\QZ
24T1192)12]12)22

81122211212

V3T 121111 11
3T190)11)22)11
6T120)11]12]11
31122111122
31122112222
6T'122)11[12)22
6T122)11[11)12
6T122)11)22/12
12T192)11)12)12

VAT 9901111111
4T 295011)22)11
\/§T1222\11\12|11
AT 999)11)11)22
\/‘IT1222\ 11]22]22
8T1292)11]12]22
\/§T1222\H\11||2
8T1209|11]22/12
\/rﬁT12'22\IIU2\I2

V16T712)12)12/12

V3T 12912201111
3T 90)22)22|11
6T120)22)12]11
3T120)22)11)22
3T122)22)22]22
6T122)22|12]22
6T"122)22/11)12
611 22)22)22/12
12T192)22)12)12

VAT 1299991111
AT1922)22)22/11
8T'1992)22]12|11
AT 999)22)11)22
AT 1999)20)22)22
8T1990)22]12]22
8T 1929)22)11)12
8T'1992)22)22|12

V16T, 222|22/12[12

V6T12211211111
6T 190]12]22|11
12T 99)12)12)11
6T122)12/11]22
6T122)12/22)22
12T 92)12)12)22
12T 921121112

\/ET122|12|22\12
\/ﬂT122|12|12\ 12

\/§T1222\12|11\11
8T1292)12)22/11
\/Elezzmuzul
8T1292)12]11|22
8T1292(12)22/22
16T1292)12]12]22
\/ETsz\ 12]11]12
V16T 1229)12)22]12
mT1222\ 12[12]12



“Generalized Mandel representation” for assembly of a
global system of stationarity equations

The components of the influence tensors "T5 are stored into matrices of the form /

75 =
12 x 6

["T55] :=
12x9

T5132|rs|ij|k'lm

— (Y&
T51|rs|ij|klm = ( T1,3)slrsijklm

= (nng)slsgrsijklm

111110111
T1j11)22)111
\/§T1|11|12|111
T1j11)11)222
T1j11)22)222

2T1 11121222
311 11)11)112
\/§T1|11|22|112
\/6T1|11|12|112
\/§T1|11|11|122
3T71)11)22)122
_\/6T1|11|12|122

[ Tiijpn
Ti111j22)111
2T 111121111
Th1j11)11)222
T1111)22)222

V2T 1 j11)12)222
3T11111112
V3Ty1j11)22/112
67711)11)12/112
V3Ty1 )11 122
V3T 1j11)22/122

| V6T11)11)12)122

T1)22)11)111
T1)22)22)111
V2T pap12)111
T1)22)11)222
T1)22|22222

2T1)2212)222
3T122/11|112
V3T 29200112
V6T 2912)112
3T71|22|11|122
3T71)22122122
6171)22|12122

Thi1)22/11)111
Ti1j22)22/111

\/§T11|12|11\111

V2T o1
2T1)12)22/111
VAT 1912111
V2T 1911)222
V2T |12)22)222
4T1)12|12)222
671)12)11/112
V6T 12120112
V12T 12121112
V6T 1211122
6171 |12)22|122
V12T 12121122

Too11)11)111

2T 1122112111
T11)22)11[222
T1)22)22)222

\/§T11|22|12\222

311122111112

V3T1)20)22/112

61'1)22/12|112

V3T1 12011 122
\/§T11|22|22\122
V6T )20)12]122

V2T1)12)22111
AT 1)1212/111
V2T11)12)11]222
2T11)12)22)222
VAT 1 12)12)222
6T11)12)11112
V6T 1 j1222/112
12711 12121112
V6T 11911122

\/6T11|12|22\122
V12T 12112122

Toaj11)22)111

\/§T22|11|12|111

Tooj11)11)222
Tr2i11)22)222

\/§T22|11|12|222
V3Toap11)11)112
V3o p11)22/112

6152(11]12|112

V3Toap11)11)122
\/§T22|11|22|122
V6Toa11)12/122

Toj1)11111
To11)22)111

\/§T2|11|12|111

To11)11)222
T5)11)22)222
2T511)12)222
31311)11(112

\/§T2|11|22|112
\/6T2|11|12|112
\/§T2|11|11|122

315 11)22)122
613/11)12|122

Too)22)11111
Tra122122/111
21502212111
To2)22)11[222
T2122)22/222
V2T)20)12)222
315222111112
V3T20)22/112
6T 22122)12/112
V3Toa20/11]122
V3T20)22/122
V6T2p20)12/122

T5)22/11)111
T5)22)22111
21522112111
T5)22|11)222
T5)22|22222
2752012222
31522/11|112

\/§T2|22|22|112
\/6T2|22|12|112
\/§T2|22|11|122

315)22)22|122
615|22|12|122

V2Too)12)11)111
V2Toop19)22)111
4T52)1212/111
V2T s 12)11]222
2155121221222
VAT 12)12)222
615212111112
V6To12)22/112

V2Topop1111
V2T12p221111
VAT)1912)111
V2Ty)19)11)222
V2T512)22)222
VAT 1919222
V61211112
V6Ty)19)22)112

V12T5)12)12)112

\/6T2|12|11|122
\/6T2|12|22|122

1275)12)12/122]

\/§T12\11|11|111

V2T yop11)22111

4T1211)12/111

\/§T12\11|11|222

2T1211)22]222

\/21T12\11|12|222

6T 1201111112

V6T y2p1122/112

\/§T12|22\11|111
V2T 2p2922/111

AT 1212212111

\/§T12|22\11|222

2122222222

\/1T12|22\12|222

6112122111112

V6T 12)2/22/112

V12T 10112112 V12T 121111121112 V12T19)22)12)112

V6To12)11]122
\/€T22|12\22\122

V6T 21111122

61121122122

V6T 12p20)11]122

611222122122

V12T5o101121122 - V12T 19111121122 V1271212212122

VAT 51911111
VAT 51922111
V8T a12112/111
VAT 1519011222
VAT 5)1922)222
V8T 1212)12)222
VI12Ti2p12p11)112
V12T 5p19)22/112
V24T 151212112
V12T1212)11)122
V12T 5 p19)22/122
V24T 512119122

33




“Generalized Mandel representation” for assembly of a
global system of stationarity equations

The components of the influence tensors "T5 are stored into matrices of the form / r-3

— (Y&
T513283|7‘s|ij|klm T ( T373)315233rsz'jklm

. (nYQ
T51525354|rs|ij|klm = ( T4,3)81828384T'8ij’€lm

Tinijnin Ti11j2211)111 V2Ti11 2111111 Tozo1j11)111 Too122/11[111 V2Dosoopinn VB8Toapn V3Tuzpennnnn V6Tipepann V3Tieepipnn V8Tiazeinn V6T i2op2inn
Tiiipn)22pnn1 Th11j2222111 V2T 11 12j22)111 Tooop11)220111 Too122]22)111 V2Tooopopopnn V3Thgipenn VaTiizpeeznnn V6Tii2paeznn

3T122)11)22]111 \/§T122\22\22\111 \/6T122|12|22|111
21111112111 2T111)2212111 \/gTumz\lzuu ﬂTzzz\uuzuu 2T59912212]111 \/8T222\12\12|111 \fﬁTnzmuzuu

6111222112111 V1211191211211 \fﬁTuz\uuzuu \fGlez\zz\uun V12T 1991212111

Tiiin)1j222 Th11j22)11)222 2T 11)12)11)222 Tooop11)11)222 Toa(22]11[222 \/§T222\12\u|222 \/§T112\11\11\222 3T112)22)11)222 6T"12]12)11|222 3T122)11)11)222 \/§T122\22\11\222 6T"192/12)11|222
Th11)11)22)222 Th11)22)22)222 V2Ti11p2p2p200 Tooajinjazjeze T29|22]22[222 V2Tosoiopopp2e V3Tiiajnazie22 V3T h12p22j20202  V6Thiojiopajeen VBTiooiaezpzee V3T ija0ja0i222 V6T h20j12)22)222
’I’LT'VCY e V2Tiiipipzpee V2Tineepopee V8Tiijiznzizze V2T oopipizieee V2Taaopopizieee V8Toaopizjizee V6T iiajnajizieee VO6Th1opopzeee VI2Thiopzpn22ee V6T isopipizee V6T 122j20)12)222 12T722)12)12|222
[ 3,3] D 3Tz V3Tugeznuz V6Tipzpie V3Tonupne  V3Taazeziz V6Taopopiz VITizpie - VOTiizzninie VI8Tiigiziajir ooz VOTiozpzpnijniz VI8Tiagiz1aj112

BTipezine VaTiezeenie VO6Tiizpeiz V3Thaoizoniz VaTooopajaoyiie V6Toopapeine V9Tianzziie V9T 12222112
12 x 12 \/6T111\11\12\112 V6Ti122p212 VI2Taizpznie V6Toaopipziz - V6Toaopapiziie V12T 02212 VI8 11112112 \/ET112|22|12|112 V36T op2p2i112 VI8Twaopijizgiiz V18T inapaizine V36T 12212112112

BTunnipipze Va3Tujeopize V6Tiponaiee  VaTeaopipiee VaToasopipnze  V6Tooopopijize V9Tiopijniee VOTuizpopipee VI8Tuopojiipnze V9Tioopunagize V9T izopapiijize VI8Tiooji2p11 122
3Tiini1p22pze V3Th1j22122122 6T711)12)22/122 3Toooi1j22122  V3Thoojoaioojize V6T hooj12)22)122 9T712)11)22/122 OTi19p22122120 V18T 112)12)22)122 Tiooi1jzop2e V9T 12222221122 V18T h20j12)22)122
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“Generalized Mandel representation” for assembly of a
global system of stationarity equations

The components of the influence tensors "T] are stored into matrices of the form /

— (npYQ
T51|rs|ij|klmn - ( T1’4)slrsijklmn

. (Yo
T3132|rs|ij|klmn = ( T274)5132rsijk:lmn

V2T 19111111
V2T 12)22)1111
VAT 19121111
V2T 12011 )2222

T1j22)11)1111
T1j22)22/1111
21122121111
T1)22|11)2222

Tij1111111
T1j11)22)1111
V2o

V2T 9111111 ]
V2T512j221111
VAT 19121111
V21512112222

T312211)1111
T5)22)221111
2T5)22)12/1111

To11)11)1111
To)11)22)1111
V2To11)121111
Tij11)11)2222 To1111)2222 T3)22|11)2222
T1)11)22)2222
2T1)11)12)2222

VAT 11111112

2T5)12)22|2222
4T5)12)12)2222
V8T 12111112

T5)22|22)2222
2T5)92)12|2222
VAT 901111112

T5)11)222222
2T5)11)12|2222
VAT 111112

2T1)12)22|2222
4T1)12)12)2222
V8T 211112

T1)22|22|2222
2T |22)12|2222
VAT 221111112

(67
[nT}/A] = | VAT 11221112 VAT 222201112 V8Thjn2i22i1112 - VATjn1je2i1112 - VAT oje2p0211112 V8T 12j22)1112
15 % 6 V8T jipzpniiz V8Tijazpzpniiz V16Thj12121112 8Topip2niz V8221112 1673|12)12|1112

V6Tiji122 6171|22/11|1122

671 |11)221122 611 |22)22|1122
V12T 111211122 V12T 22)12(1122
VAT 11)11]1222
VAT |11)22]1222
L V8T 11|12/1222

61511111122 V6T2j22)11(1122
61511)221122 615)22)221122
V12T 11211122 V12T5j22)12)1122
VAT 11111222

AT5)11)22|1222
V8T 11[12]1222

12T 12111122

12T7)12)22/1122
V24T 12121122

\/§T1|12|11|1222
VAT 2212211222 811|1222/1222
V8T ja21211222 V16T |12)12(1202

1275)12)11)1122
12T5)12)22|1122
V24T 19121122
V8Ty)19)11]1222
8T512)22/1222
1675)12|12]1222]

4T1)22|11)1222 4T3 22)11)1222
4T5)2222|1222

815)2212|1222

Tyt
Th1j11j22)1111
2T 1111211111
Th1j11)11)2222
Ti1j11)22)2222

Thij22)111111
T11j22)22)1111
2T11)22112)1111
Th1)22)11)2222
T11j22)22)2222

V2T papi11111
V2T11j12)22)1111
VAT 11121111
V2T 1191112222
V2T 1 j1922)2222

Too1j111111
Thoj11j22)1111
2150111211111
Tooj11)11)2222
Ta11)22)2222

Too22)111111
Thoj22)22)1111
2T52)2211211111
T5o)22)11)2222
Ta122|22)2222

V2T 21111111
V2T sy12)221111
AT 12)12/1111
V2T 19)11 12222
2155012222222

V2T o111 1111
V2T 1a)11 221111
AT1o1112)1111
V2T 121111112222
2T'121122)2222

V2T 201111111
V2T 15220221111
VAT 200121111
V2T 12129)11 12222
V2T 12120)22/2222

VAT 50111111 ]
VAT 150120291111
8T1212/12/1111
VAT 5p19)11 12222
4T15)12)22)2222

V2Tiipi2i222 V2Tiapaiziezze VATiipopi22220 V2T oopjizja22e V2T oopojizjazee VATopi212j2220 VAT igp11j12j2220 VAT 922122222 V8T haj12)12)2022

AT11)11)11)1112 4111122111112 8T11)12/11]1112 4T5o11)11)1112 4T52)22/11)1112 8152)12/11]1112 8T1211)11]1112 8112221111112 V24T 191211 1112
9.4 = V4Tiipj221112 AT11)22)22/1112 8T1112)22[1112 AT 111221112 AT55192122[1112 8152121221112 8T 1211221112 8112221221112 24T 21212211112
)

15 x9

\/§T11\11\12|1112
V6Ty1 1111 1122

V6T 1j1122/1122
V12T pgpiee - VI2T11j22)12]1122
VAT 11111 1222
VAT 11)11)22)1222
L V8T 1 j11)12]1222

\/§T11\22\12|1112
V6T1 20111122
V6T 112922/1122

VAT 120111 1222

4T11|22)22|1222

V8T 1 j29)12]1222

V16T 11121211112
V12T 119111 1122
V12T 1)12)22)1122
V24T 1112121122
V8T 119111222

\/§T11\12|22|1222
V16T 1)12121222

\/§T22\11|12|1112
V6Toop11)11)1122
V6Toop1122/1122

VAT 11111 1222
\/ZT22\11|22|1222
V8o p11)12]1222

\/§T22\22|12|1112
V6To2p20/11 1122

V62120221122
V12T 1211122 V12T 52)2212/1122
VATy2p20011 1222

415592221222

V82 p20)12]1222

V16152 121121112

V12T59)1211)1122
V12759 12221122

V24T 5 )19)12)1122
V8o p12)11 1222

8152)12)22(1222

V16752 12121222

16T12)11)12)1112

V12T o111 1122
V12T o011)22)1122
V24T 15111121122
V8T 211111222

8T1211)22[1222

V16T'12)11)121222

V16T 1922121112
V12T 202911 1122
V12T 2)2922/1122
V24T 1520121122
V8T 12p20)11 1222

\/§T12\22|22|1222
V1671222121222

32T12)12/12|1112

V24T 5191111122
V24T 5)19)22/1122
VA48T 15)12)12/1122
V24T 5191111222

V24T13)12)22]1222
V3211212121222




“Generalized Mandel representation” for assembly of a

T =
15 x 15

T

T818233|rs|ij|klmn =

nyo
( T3,4 )818283Tsijk}lmn

(Y
T31525334|rs|ij|k:lmn = ( T4’4)315233847"sijklmn

Tiupin
Thiipnj22pnin
27111 11121111
Thi1j11)11j2222
Th11)11)22)2222
V2T111)11)12)2202
AT
AT 1111221112
8T111)11)12/1112
V6T11)11)11 1122
6T 11)11)22/1122
12T 11111201122
AT 111111222
AT111)11)22)1222
L V8T 1111121202

Tiiinje2iiin

Thii1j2211)1111
Th11)22)22)1111
2T111)22112/1111
Ti11)2211 12222
Ti11)2222)2222
V2T111122)12)2022
AT 11221111112
AT111)22)221112
8T111)22)12/1112
V6T 111221111122
6T111)22)22/1122
127011 )22)12]1122
AT111)22)11 1222
AT111)22)22)1222
V8T 1122121202

V22

V2T
V2T 1112221111
8T111)12)12/1111
2T111)12)11)2222
2T111)12)22]2222
V8T 111)12)12)2202
8T111)12111]1112
8T11)12122/1112
1671112121112
VI2Th11 12011 1122
12771 11)12)221122
24T 111 121121122
8T111)12111]1222
8T111)12122]1222
V16T 11120121222

Togzopiijnjiin

Tozap1iiijinn
Thoop11)22)1111
2T599)11)12)1111
Too2)11)11 12222

To2p22)11 /1111
Tho2j22)22)1111
2T59212212/1111
Tho2j22)11 2222

To2)11)22|
V2T9)11)12)2222
ATo9011)11)1112
ATo90)11)22)1112
8To99)11)12]1112
V6111111122
67592)11)22/1122
12159911 )12)1122
ATo90)11)11)1222
AT599)11)22)1222
V8Tazop1112/1222

Tagz0j22)11)1111

V2Toms12p1)1m

|22|22|
V2T0)29)12)2222
ATo90)12211)1112
AT590)22)22]1112
8T599)22(12]1112
V6Ta20p22011 1122
67590)22)22/1122
12T529122/12)1122
AT590)22(11)1222
AT599)22)22]1222
V8T a20p0p12/1222

VAT 1191111

V2Tas0p1211 1111
V2T 121221111
8T599)12(12]1111
2T599)12|11|2222
2T599)12|22|2222
V8Tas)12)12)2222
8To90)12)11|1112
8T590)12)22/1112
16T529112/12)1112
V12To0s)19)11 11122
V12To0s)192211122
24T590)12)12)1122
8To90)12(11]1222
8T599)12)22]1222
V16T0012)12/1222

e VAT

V3T1211111)1111
V3T a)11)221111
6711211121111
3T 12)11)11|2222
V3T 119)11)22)2222
V6Ti12)11)12)2222
12T 12p1)11 1112
VI2T 111221112
V24T 21112
VI8T1a11 111122
18T112)11)2211122
V36T 11211 )12)1122
VI2T 11111 1222
12T 19)11)22)1222
V24T 19111211222

V8Ti12p211)1m

V6T129p11j1m

V3Ti12p22111111
V3T 12221221111
67" 1222)12]1111
3T112)22)11|2222
3T7112)22)22|2222
V6112122122222
12711222111 1112
12T 19)22)2211112
24T112)22)12)1112
V18T 152211 1122
V18T 19221221122
367" 12/22)12/1122
V12T 199911 1222
12T 19)22)22)1222
V24T 1520)12)1222

V6Ti22p211 )11

V6T 1112111111
V6T 121212201111
12T 191211211111
6T 12)12)11|2222
6T12]12)22/2222
V12T 19)12)12)2002
24T12p12)11 1112
V24T 1919221112
48T112)12)12]1112
V36T 1212111122
V36T 12121221122
7211121212122
24T 12112111222
24T112)12)22)1222
VAT 19121121222

VI12T199p120111111

global system of stationarity equations
The components of the influence tensors "T7 are stored into matrices of the form /

V3T 211111111
V3T 22112201111
6719211121111
3T192)11)11|2222
3T'129|11)22]2222
V6T 120)11)12)2022
12T 9911111112
12T 99111221112
24T12211)12)1112
V18T 99111111122
V18T 99111221122
36T 12211 )12]1122
12T 9911 111222
12T 9911221222
V24Ti90p11)12)1222

VAT 0111111

VAT 0o 1111

V3T 222111111
V3T 22j292211111
6T'19922)121111
3T192)2211|2222
3T122|22)22|2222
V6T 19922122202
12T 9922111112
V12T 190p20)22)1112
24T129)22)12)1112
18T19222/11/1122
18T12222)22/1122
36T122)22)12/1122
V12T 90020111222
12T 99)22)221222
V24T 2022121222

V8Tioap2ppiint

V6T 1991201111111 ]
V6T 122192211111
12T 99121211111
6T'199)12|11)2222
6T122)12)22)2222
12T122)12)12)2222
24T19212111)1112
24T192)12)22/1112
48T192)12)12]1112
V36T 20012111122
V36T 12012221122
72T 122)12]12(1122
24T192)1211]1222
24T192)12)22(1222
V48T 2912121222

iz Tii11j22j22111m1 OTinpzpzn Daesopajeziin Thazajoj22)11m1 Dlaosopopzin VATmopieepin VAT 22z V8T mapzpzm 6T 1251112211111 6T 125120022)1111 12T1oopop2n VATsoopipein VAT 2222 V8T 22211202211
V2Tipenn V2Teepzpin VAT ez V20heeenizin V2Dsapepziin VATwopzzinn V8Tiiznizn V8Tinpeepziinn VI6Tizuznznn V2T V2T ez V24T egpopzn V8T asopiziiinn V8T i2zpepiziin VI6T 1202121201111
Tiiiijinginjeeze Thi11j22)11)222: V2Tiz Tozz2)11)11 Toz22)22)11 2T902)12)11 AT 1121111 AT 112)22111 8T1112)1211 6T 1122)1111 6712202211 12T 122)12)11)2 VAT 2991111222 VAT 22929)11): VBT 12291211
Tiii1ji1)22)2222 Th111j22)22)2222 V2Ti11112j22)2222 Tha9911)22)2222 Tha9920]22)2222 V2Tymopioopane VATiapipaezee VATinipaeozeee V8T iazpiojezpaze VO0Tisapipaenee V6Tiisopaoopers VI2Thioopopaeoze VATiooopi1jepzees VAT120000p200200 V8T hamoji2a2j222
V2T V2T1111j22)12) VAT 11112112 V2T 900111202222 Toa|22(12]2222 ATo00)1212 VBT 11191112 VBT 1119j22)12) VI6T 11212112 VI2T 1991112 V12T 19929112 V24T 191121 V8T 1255011)12) V8T 125020)12) V16T 199)12)12]2222
VAT e VAT ez V8T ez VATeooiuinne  VATbaazp2111112 nepuie VI6Tiepiuue VI6 ez V36T iepziiine V24 esune V24 asepipe. V8Tizzpzpuine VI6Taaappiz - VI6T 222tz V32T 22212111112
AT 222 AT 111j22122 1112 8T 1111121221112 ootz VAT |22[1112 bo92(12]22[1112 16T 1120112201112 V16T111gg22j221112 - V36T 1112p2i22p12 - V24 hisgpinj2epine V24T a922)221112 48Th129)12)22)1112 16T 199911221112 T 32T1222[12)22)1112
8T11111)121112 BTimpepznine V16T inpapopne  V8Thasopipznine 22[22)12[1112 Toosopapopnne V32T mampopne V32T mapapopne VO imapopapnne V8T isapmiponne V8T isapapapnne - VI6Tispapapnz V32T hazopiiziniz 2 64T 1225)12)12/1112
VBTiminuze V6T nueepuize V2T upznaneze V6Taeazjiijn V6Taooopaniijize V122212011111 V2T pinze V24 epepinize VBTizpzninze V36Tiaaze V36T 112202211111 VT2Th129)12)11)11 V24T 00111111 V24T 9090091111 VA8T 209121111
VBTipneepize - VOTimepzize VI2Timmpzeepize V6Toopieopize V0Toaspopoiinze V12Tmopizpeopize V2ATiizpijeziinze. V24T inapopoiize V8T iniapzioopinze V36T iazijeziinze V36T iaaopaiiize V72T hzzpizzpinze V24 Tiamopipapze V24 Thonopapeopinze. VAT 1a29)12j22)1122
VI2Tipipzpnee VI2Tiepzize V23T npzpzmee V12Thop1ji21122 2 Toompizpzinze VA zipzze VAT iapopzze V6T inzapznzinze V2 izzmipzze V2T aaopzmze VI3 oopopzinze VAT iasapipizize VA8 iaoopapizpinze VI6 1222120121122
ATy111)11)11)1222 ATyupzepiizee V8Tiuipzpzee VATheo1p11 8T5222)12/11)12: VI6T 1iopizee VIO inia2pijizze V36T zpzpapzee V24 aapiipzee V242111222 V8T 1122121111 16T 22211)11)1 VI6T1205)2911)1 32T 1292120111222
VAT 111221 VAT 1112212211 BTinipzpeinzee VAToopiepzee VAT 1 V8T aop12y22012: VI6T1112)11j22)1 VI6T1112)22022)12: 36T 1112]12)22|12 V24T 129)11)22)12 24T 120)22)22|122 VAT 12501212211 VI6T 295112211 VI6T 1299000221220 V3212221212211
V8Tiipznzze V8T imizpznzze VI6Tnipizpzaze V8Tooayiiznzze V8Taamapopizpizze VI6Toooapiopizpizze V32T mappizpzee V32T niapzpizpizee V6ATinizpopzzze VA8 iiaapipizjzee VA8 hispapizpizee VI i2apzpizpizee V32T hooopapizpizze V32T 120201211220 V04 ha201212)1222
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“Generalized Mandel representation” for assembly of a
global system of stationarity equations

for I in [0.. 3(r+1)n, -1]:

* Global influence matrices are assembled as follows, for J in [0.. 3(s+1)n, -1]:
ddim i=3(r+1), ki=IS%ddim i, =(I-ki)/ddim i

Generally not r [n0.0] TR [PT20) ... [PTRe~10] 7 ddinj=3(s+1), kj=duddinj, y)=(3-kj)/ddin ]
Symmetrlc [nTO,l] 'nTl,l] [nTQ,l] o [nTna—l,l] T_global(s,r,I?\@[( r+l).. 3(2+1) (r+1)-1,
(8),72“ L ei 5 g,g S,T 19 J—3m(s+1)... 3(1+1)(s+1)-1)
mn 9 n D) n 9 n na_ Y
L [TS,T] = [ TS,T’] | TS,T'] [ TS,T’] .« o e [ TS;T' ] ‘T lOCal('y OélJé=2‘ r=1, ki k])‘
3(r+ 1)ng x 3(s + 1)ng : ) - 1L
'nTO,na—l' [n’ﬂ‘%a—lﬁa—l' T_sym_infl(~y ,d ,nsl,nsZ,ijkl,n‘rl,nl‘”Z)
3(r+1)x3(s+1)—r__ 57 : T T infl( 1,nr2,ijkl,ns1,ns2)
True if o # synAnttla, . nptnrz Akt nston

(nTgSa)’l"l...’f’r’ijklsl..-Ss — (nT’)"O:Sa)Tl---Trklijsl---ss :> [nT?,%]T — [nT?ﬁf]T

/! / Ny __ Ny
Q’y_Qoz — Tr,s - Tr,s

Remarks on symmetry:

* Recall the global Minkowski weighted

compliance matrices U=, Va,y€[0,ng—1] = ["Trs] =["Tys]"
o[ AMO 0 0 T _
ol 0 | ci[AMY] - 0 3na(r+1)x  [AM® @ Wy 0 a 0
[MO’O] = . . ) . 3na(s +1) 0 [AMl ® W5+r70] U 0
: : : ©3x3 M ,]:= . : .
3ng ><3na_ 0 0 Cna—l[AMn“_l]_ : : .. : g
0 0 e [AMPe T @ W0

-
(r+I).. 3 )(r+1)-1),] 3(r+1) x3(s+1)

ddim_i=3(r+1), ki=I%ddim i,[(E:(I-ki)/ddim i =
el A — iy |, IM global(s, r,I=3(1) 1+1
ddim_j=3(s+1), kj=J%ddin_j (dMW_local( g, s, r ki, ki) é, 3=3(1) (s+1).. 3(1+1)(s+1)-1))

—_

Remarks on symmetry: [AM* @ Wit = [AM® @ W7 — [M,.] = [M,, T

* We define D’ := [M,.] + [T,,] and pose the “r stationarity equations” in
matrix form, [, , , ; ,
{g"} = D7} + [D5{0°T} + [D5]{8°T} + - - - + [D} {877} 37

3(r + 1)ng X 12n, 3(r+ 1Dng X 3(p+ 1)ng

[ S—

3(r+1nax1 3(r+ 1)n, X 6ng 3(r + Dng X 9ng,



“Generalized Mandel representation” for assembly of a global

We want to solve the system system of stationarity equations
r=0 —{"}=[Dol{r}
Ingx1 INgX3ng 3ngx1 3(p+ nax1
r=1 —{g'}=[D{7} + [D3{8"7} + [Ds]{8°T} + - + [D,{0"7}
6ngx1 6neX6bn, 6ngx1 6naX9In, 9Ingx1 6nexX12n, 12n,x1 6nox3(p + 1)ng

3(p+ Dnax1
r=2 —{&%) = [Di{o7} + D37} + DI’} + - + [D{" 7}
Inex1 IMXbng 6Ny X1 IMNX9Ig Inex1 X 12n, 12n,x1 IMaX3(p+ 1)ng

3(p+ Dnex1

r=3 = {e"} = Dilor} + DIH{o’r} + DO T) + -+ D){'r)

12n,x1 12n,,x 61, 6ngx1 120X 91 Ingx1 12n,,x 1204 12n4x1 12n,x3(p + 1)ng
6rax 1 Ingx 1 . 12nax 1 .3(p 4 1)nax1
— 2 3
r=p —{’}t=[Di{or}+ [D;{0°7} + [D5{O°7} +--- + [DP{0"T}
Wh]_Ch we recast ]_I']_ 3(p+ 1)nax1l 3(p+ 1)ngx6bng 3(p+ 1)nax9n, 3(p+ 1nax12n, 3(p+ Dnex3(p+ 1)ng
- - ‘D_mat_assemble() ‘
({gl}\ [DH []D)%] UD)%] ..o []D)le] ( {87-} ) for r in [1 pl: .
(g2} D3 D3] D3] ... [DI|[|{8%*r} f”fzr:’i‘ E,%"'gs.?.;g(r;)n%u:1]
— or j in [0.. 3(s+1)n -1]:
{ {82} > = [D:ﬂ []D)%] [Dg] s [Dg] < {837} > D[3na((:-1)2+3(r-1))/2+ia][3na((s-1)2+3(s-1))/2+j] =
) . . . . . T global(s,r,i,j) + M global(s,r,i,j)
{e"}) DY) (D3] [D5] .o [DE]] \{o"T}, 7| Mglobal(s=3,r=2,10- 22, L
+
Tow mx Rk TR0 43 | et 4 3p)x] S o S E Ry
- - 38



2D Stroh Formalism

* After Eshelby et al. (1953), Stroh (1958,1962) established the following

Py =
P =
Py =
Ps
Py

framework to solve for displacement fields in 2D elastic anisotropic
media. Assuming a superposition of solutions of the form

ui(z) = a; f(z) Where z =z, +pz, With p complex,
we have w,;(z) = 9,50 + pos)arf'(2)] = (61 + ps2)ard;[f(2)] = (651 + ps2)ar f” (2)9;[7]
= (81 + pdj2)(ds1 + pds2)ar f"(2)

ug,s(x) = Os[ar f(2)] = arf'(2)0s[2] = (ds1 + pds2)ar f'(2)
so that the local statement of equilibrium becomes
L%ksuk sjz) =0Vi,zx
ngks((Sﬂ + pdjo)(0s1 + pos2)ar f"(2) =
L%ks(‘sﬂ + pdi2)(0s1 + pds2)ar =
[L{ix1 + P(LYike + Lisg) + p° Liggs]ar
Non-trivial solutions then satisfy

O1f™M (2)] = f(2)9;[2]
= (81 +pbj2) [ (2)

oij(z) = L?jksuk,s@)

4
= L(1)111L1212 L?112L1112 Plp) = ,;)Pkpk =0 i
= 2(L9111 L9912 — LY 112 LY122) 2D Stroh eigensystem
- L(1)111L 2222 T 2(L9112L2212 L(1)122L1212) L?122L1122 {(PasPasa®,a”) | P(pa) =0, S{pa} >0, a=1,2}
= 2(L1119 L9200 — Li199L3212) r [L1g1 + Pa (Lo + Lingy) + paLingolag =0

— L(1)212L3222 L(2)212L2212 - 39
(Not a regular eigenvalue problem)




2D Stroh Formalism

* For non-degenerate material symmetries, i.e. with independent Stroh
eigenvectors, complete solutions for the displacement take the form

u(z) =a' fi(z1) +a' f3(z1) + Q2.f2(22) + @ f4(22)
where f, are arbitrary functions (depending on BCs) and z. = z1 + paz- .

* By linear elasticity, we have oi = (Q% +pR}))arf'(2) , i = (R}); + pTi})axf' () .

* Since local equilibrium requires @9 + p(RY, + RY,) + p*TY, = 0 Vi 0 = Lo

= R, +pT = _%(Q?k: +pRy,) , R}, = Liip

we have o, = (Q) + pRY)arf’  and oz = (RY; + pT)anf'(2) Tj1. := Linyo
= — p(RY; + pTi)arf'(2) = —(1/p)(Q% + PRy )arf'(2)

b; = (Ry; + pTy,)ak

which we recast in o, = —pb:f/(2), 0i2 = bif'(2) |

o= - ];( o T PRy ak

* Then, stress functions «»i(z) = b:f(z) are such that

©ij(2) = bi(01 +pdjo) f'(2) = wii(2) =bif'(2) = 0ia(2) d 012 =021 = Y11+ P22 =0

pi2(2) = pbif'(2) = —0ii(2) an (by + pb2) f(z) =0

* Still under the assumption of non-degenerate symmetry, b1+ pby =0
we have p(z) = b fi(z1) + Elf3(§1) + 0% fa(z2) + 52f4(§2) .

* Solutions of the form, fi(z1) = a1.f(21) , fa(22) = g2 f(22)

. f3(z1) =@ f(Z1) » fa(Z2) = Qo f(Z2)

* SINCE 2R{a"¢a f(2a)} = 00a f(2a) + 37, f(2.) WE hAVE
2%{0%qa f(20)} = 0" qa f(2a) + anaf(EOJ

* If 4.is replaced by —iq,, p{—i-} = 5{z} —

are used.
u(z) = 2%{a' f(z1)q1 + * f(22)q2}
o(z) = 2R{b" f(z1)q1 + b° f(22) 42}

S{a' f(z1)q + @ f(22) g2}
S{b' f(z1)q1 + b° f(22)q2} 40




2D Stroh Formalism

* The function r: - —» ¢ and the complex coefficients ¢. for o« =1,2 are solved
for specific boundary conditions.

* To solve for Green 7€ oi;(z)n;(z)ds = jqf WiL) 15 [ (50) = @i(sa) = i VC C RZ 5.t 0 € C

. ds
C
functions, im0 =0 - All free bodies containing the

A concentrated force f |z||— o0 material point of application of
~ |isappliedat z=0. the concentrated force f are

in equilibrium,
- The medium is an infinitely
large traction-free plane.

* Let x1 =rcosb, x9g=rsinb with r>0, —Tr<6<m SO that

B In(r) if 0 =0, _ _ o
nlz) = {ln(r) tir if0=+m (2)lg—r = In(2)lg——r = 2

S{b" f(21)q5° + b° f(22)a5°}

3| =

S{a' f(21)° + a®f(22)g5°} and o(z) =

3| -

* Redefine ¢. S.t. u(z) =
then G, =) = Y 0" f oy — Fza)lo_,] = 2mi(b' ¢ + b*¢5)

2
= <Z b"q [ f(2a)lger — f(za)le_ﬁ]> = 2mR{D ¢7° + 175"}

a=1

2
and (r,m) - p(r,—m) = f = Mg+t =f = Y (07T +07T) = f .

. . ey ey a=1
* Similarly, by compatibility, we have: 2
u(r,m) —u(r,—7) =0 = 2R{a'q® +a’¢°} =0 — Y (a¢X +a°q) =0 .
u(z) = 23{a' @ aln(zy) + a® ® a2 In(z)} - f +— = Orthogonality (Ting, 1996)
v 7 B @ =a" f for non-degenerate syﬁmmetries
_ Ll 1 2 o 2 g =a*-f a® V' +d? b =0ug=a" b +a” b
G(z) = —Sie ®a In(21) +a” ®a”In(z2)} a =4 "] P d =0V 4d T




2D Barnett-Lothe integral formalism
* For degenerate symmetries, the proposed solution is incomplete. The
displacement field needs to be adjusted (not done here).
* Alternatively, Barnett and Lothe (1973) developed a solution which
remains valid irrespectively of the type of anisotropy:
2u(r,6) =~ In(r)H(r) - { ~ S(6) - Hi(x) - f ~ H(0) - 87 (v) - f

where the incomplete Barnett-Lothe integrals are

1 [° 1 1 [
S(0) = — /0 N'(y)dy and H(0) = — / N2()dyy Where N(9) = -T1(9) RT(6)

: N?(0) = T1(0)
With Ri(0) = Ljun; (0)mi(0) and Tu(6) = Lijm;(0)m(8) , Active clockwise rotation of i, ok? |

while n(0) = cos(0)e, + sin()e, , m(0) = —si e, + cos(f)e,| SO that NJ:'L'w) 7 Nzij(e)
Rin(6) = Loy c052(68) + (Lo — L) cos(@) sin(0) — Loy sin?(e) -t = Nil0)
Ti(0) = Ligya cos*(8) — (Lgipa + Lisgy) cos() sin(6) + L7y, sin®(6) H
* The 2D anisotropic Green functions then take the form H' =H
2G(r,0) = —% In(rYH(r) — S(0) - H(7) — H(9) - ST(7) | .

* Next, we find expressions for the incomplete Barnett-Lothe integrals in
the case of specific material symmetries.
42



2D Barnett-Lothe integral formalism

* The gradients of the resulting Green functions
8£Uk1 f(ra 9) — N,y (e)arf(rv 9)

2Gy;(r,0) = —% n(r) Hy; () — Sis(8) () — His(0)S;s(r) | + U ()50 F(r.6)
are obtained as follows, independently of material symmetries:
2Gijk, (r,0) = — %Hm‘ ()1, (8) — 77" 0p[Sis (0)| H s (m) i, (8) — r~ " Dp[His (0))Sjs (m)m, () |
2Gij g, (1,0) = — ; [Hij(m)n, (0) + Nis (0) Hyj (m)mu, (8) + N7 (0)Sjs (m)mu, ()] . w0pSi; (0)] = N;;(6)
(1) PRV mg[H;;(0)] = N;5(0)
2Gz‘j,k1(7”a 0) =g (T)hijkl (9)

SO that oy, (9" (r)hij, (0)] = na, (0)0: 19" (M)]hijy, (0) + 1~ 1k, (0)g" (7)o [l (6)
(0)] = ney () ™1™ R, (0) — 1 Fmg, (0) ™1™ g [, (6)]

Okalg" (r)hijk, (0)] = TT iy (0)10k (0) — g [, () 1101, (6)]
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2D Barnett-Lothe integral formalism
* Similarly, we have

Oka 9™ (1) Wik, k1, (0)] = 1y (0)0: (97 (1) i, 1, (0) + 77 100y ()97 () Do i1, 1, (6)]
Oks 9™ () Wik, 1y (0)] = = 200y (O) ™ 2R 1, (0) + 7 Hmay (0)7 ™2 0[5, 1, (0))]

1jk1ko
Oy [0 (M)W y (O] = — T [201, ()21, 1, (6) — 0y ()02, 1, (O)]

* And O, [gg(r)h?jklkgkg(e)] = N, (0)0, [gg(r)]h?jklkgkg (0) + 7~ my, (0)g° (1) 9y [h%klkgk?, (0)]
Ok, [gg(r)h?jklkgkzg(e)] = 3ng, (9)7_17°_4h?jk1k2k3(9) —r e, (0)7 20y [h?jklkgk:g (0)]
[

44



2D Barnett-Lothe integral formalism
* Again, Oks [94(T)h§jk1k2k3k4 (0)] = ni, (0)0: [94("“)]}1?3'1@11@2@@ (0) + T_lmkz5 (9)94(7“)39 [h?jklkgk;),m (0)]
Ok [94(T)h§jk1k2k3k4 (0)] = — dny, (‘9)”_17“_%?%11@143@ (0) 4+ r~ ' (0)7 1 0p [hfjklkzkgm (0)]

-5
Oks [94(T)h;ljk1k2k3k4 0)] = — [3nk5(9)h§jk1k2k3k4 (0) — mg,(0)0 [hfjklkzkgm (9)]]

r

(4

2Gz(g5',)k1k2k3k4k5 (r,0) = QS(T)h?jklkgkg,mkg, (0)

wher

* More generally, for»>1, we have the following recurrence relations

(n) npn —»| Requires evaluation of
PTGt (120 = (20 g, @) OEINL(®)] and G (N2 (6)

. .. " for k=0,...,n—-1
hiiky g (0) = (n = DRI o (O)ng, (0) — Ba[hi) 1 (0)]m, (0) forn > 2

k

08 ., 0] = 3 (1) {(n = 00l e, @10 ne, (00— 0 A, (9105 o, 01)

hijn, (0) = Hijn, (9) + [N (9)H o+ N (0)Ss]m, (0)

0 [hije, (0)] = Hi; 0 [, (0 +Z ( ) {Hij05 "IN (0)] + 8205 [N (0)] } 95[mu, (6)]
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Drawback of a simple recursive implementation

* Computing the n-th derivative of an anisotropic Green’s function at a
location (r,0) leads up to the following recurrence tree:

'

ik 1, (0)

N/(0) is computed xx times when evaluating G} | (r,0)

Number of components of the derivatives of the
Green operator needed to compute estimates of
influence tensors based on a n-th order Taylor

o

(1)

g [ Vi1 ()]

0~ [V (0)]) - --

7 | | lor

- - expansion for a polycrystal with ., grains:

hijkll...kn_l(e) 89[hijk;11...kn_1('9>] @

—~ 3 Need for dynamic
% 2 ! : ' rogramming (DP) ™
ik s O Dol o, (O) W ks @) Oolhis o, (O)] | O350, (0)] Prog 9
ﬁ [ \ \

e (O L )y v () Y 1l S ) IR 0 gl ()] ) /ol S )] I
vy =l O = BelhiE O] = el (O] = Ol i, (0)],
A T T () S S N O) (S () |

v : v O ey, (O]
N; (0
vy y 1 |
% [hlye, )]0 g 0] - i 6) F Height of
| . n recursion tree
| for Dy [h%kl...kn (9)] :

v v v v v v
0p [N;; (0)] L OF L INL(9)] - |0[N;
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A bottom-up DP algorithm

* We derive the following bottom-up DP algorithm to compute Afj, s, (6) :

def hzgkzl...k:n (9)
dOhk := zeros(n)
for k € [1,n] :

for rr € [0,n — k] :

r=n—k—rr

for s € [0, 7] :

if (s==0):
if (k==1):
dOhK[r 4 k — 1]

else :

else :
if (k==1):

else :

— i, (0)] + {Hi;05[N3(6)] + S;05 [N (0)]} m, (6)

L dOhk[r + k — 1]+ =

_ L dOhk[r + k — 1]+ =

300

- From exponentlal to
“I linear computing time /

£ - More than 200 times
,| quicker for n=8

1 2 3 4 5 6 7 8
n

L donk[r 4k — 1] = (k — 1)d0hk[r + & — 2Jng, (6) — dOhK[r + & — 110} [k (6)

( ) {Hy;0,°[N}(0)] + S;05°[N7(0)]} 95 [mu, (6)]

(Z) {(k — 1)dohk[r — s + k — 295 [nx, (0)] — dOhK[r — 5 + k — 1]05 ™ [ny, (0]}

_ #At this stage, r € [0,n — k] = dOhk[r + k — 1] = O} [} ik ke (0)]

#At this stage, k € [1,n] = dOhk[k — 1] = hy;, 4 (0)
return dOhk[n — 1]
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2D Anisotropy

* Polar representation of 2D anisotropic stiffnesses, see Vannucci (2016)

L1111 = To + 211 + Ro cos(4®g) + 41 cos(2P4) _ Conditions for positive strain energy
L1112 = Ry Sin(4(I)0) + 2R, SiIl(Q(I)l) TO — RO > O,
Liizo = —To + 211 — Ry cos(4Po) T\(T2 — R2) — 2R?{Ty — Ry cos[d(®o — )]} > 0,
L1212 = To — Ro cos(4®o) Ry >0,
L2212 = — Ro Sin(4(I)0) + 2R1 Sin(2<I>1) Rl > O

Logas = T + 2T + Ro cos(4Pg) — 4Ry cos(2P) RoR7 sin[4(®o — ®1)] # 0

Ty, T; : Isotropic polar invariants RoR?sin[4(®g — ®;)] =0 = Symmetry

Ry, Ry, &9 — ®; : Anisotropic polar invariants
Substitute ¢, by ®; — 6 for counter Computed components of some ——

. . . . radients of the Green’s function
clockwise positive passive rotation 9

Validation _ cle]
Equilibrated traction fields — Giplne) ]
(3) . .4
on random curves _ — Gf‘_mu-,e.l _
—— Polar diagram of el

generalized moduli

—————— |

e Ggulzl[rrg)
Gig‘flzlzlzi‘v!g) :
_— Gg‘f1212121[”':9:] i

e Giz‘fulzlzu["':g)

) E; 7




2D Orthotropy

* Polar representation of 2D orthotropic stiffnesses, see Vannucci (2016)

L1111 = (—1)KR0 COS(49) + 4R, COS(29) + Ty + 217,

Conditions for positive strain energy

L1112 = — (—1)KR0 Sln(4(9) — 2R1 sin(29),

Li1az = — (—1)" Ro cos(46) — Ty + 271, S22 = —511 T [T2 + (-1)® Ro] — 2R? > 0,

Lis1a = To — (1) Ry cos(46),

Lao1a = (—1)% Ry sin(46) — 2R, sin(26), trS =0

!
!

To—R0>O,

L2222 = (—1)KR0 COS(49) - 4R1 COS(29) + T() + 2T1

Ty, T : Isotropic polar invariants

Ry, Ry, K : Anisotropic polar invariants, with K = £1

f is a counter — clockwise positive
passive rotation

Validation
Equilibrated traction fields
on random curves

—— Polar diagram of
generalized modu

RO > 07
Ry > 0.
sin[4(®g — &1)] = 0 L=

Ry =0 = Ry — orthotropy
Ry =0and R{ =0 = Isotropy

Computed components of some
gradients of the Green’s function

G2, (r.0)

Gurno) 1
Gi:g121["':9) |
Giglzui"':g) :

B ——

—107! ——
! e Gllzlzlzllf':g.]
_10. G“.i‘J ) |
—10° }f‘.lzlzlz )]
-1 e Gll"zf1212121 (r0) 1]
- — Gz (r6)
—10° .
1 2 3 4 5 6 -




2D RO-orthotropy

* Polar representation of 2D RO-orthotropic stiffnesses (Vannucci, 2016)

Li111 = 4Ry cos(20) + Ty + 217, Conditions for positive strain energy

L1112 = — 2Ry sin(26), I L Ty > 0,
Li1oo = — Ty + 277, S22 = —Sn1 T\T¢ —2R] > 0,
L1212 = To, ﬂ R; > 0.
Lao12 = — 2Ry sin(20), trS=0
Loggo = — 4Ry cos(20) + To + 2T sin[4(®g — @)} = 0 and Ry = 0

Ty, T4 : Isotropic polar invariants R; =0 = Isotropy

R1 : Anisotropic polar invariant

0 is a counter — clockwise positive Computed components of some —
gradients of the Green’s function

passive rotation 0
1o

Validation ————— 1073 — Cl91
Equilibrated traction fields | — Ginlno) ]
on random curves 0! — Guwm (0 ||
—— Polar diagram of ol G |]
generalized moduli RERTRI ]
10771 —

_jgaE
1077}
1073 ¢
—107F
—10'¢
—10?
—10° }
—107
—10°

(n
G (r0)

(5) ; \
— G lr.d)
{6) P
Gramae(rd) ||
(7 . \
— Guman(nd) |]

1 2 3 + 3 ] 7




Ly111 = Ty + 2T + Ry cos(48),
L1112 = — Ry sin(40),

L1120 =
Lyo15 = Ty — Ry cos(40),
Lao15 = Ry sin(46),

Logos = Ty + 211 + Ry cos(40)

2D square symmetry
* Polar representation of 2D square symmetry, see Vannucci (2016)

h Conditions for positive strain energy —

— Ty + 2T — Ry cos(49),7 u U

To — Ryp >0

Ty, T4 : Isotropic polar invariants

Ry : Anisotropic polar invariant

passive rotation

f is a counter — clockwise positive

Equilibrated traction fields
on random curves

—— Validation ———

—— Polar diagram of —
generalized moduli

T (T¢ — R3) — 2R{Ty — Ry cos[4(Py — ®1)]} > 0
S11 = Soo = 0] [H11 = Ha2 Ro >0
So1 = — Si2 Ry =0 Ry > 0.
Ry =0 = Isotropy
skewS = S

Computed components of some
gradients of the Green’s function

T
(1)

Gz, 0)
Gianro) ]
Gl1:2121["':9) |

w M
Gippn2(r.0) | |

— Ggulzl[f':g)
Gig‘fulzlz(’": 0) |
— Gg‘f1212121 (r.0) |]
— Gglzlzlzu (r.0)
3 n e - 1




2D Isotropy

* Polar representation of 2D anisotropic stiffnesses, see Vannucci (2016)

Li111 =10 + 217,
Conditions for positive strain energy

L1112 =0, u ﬂ B .
Litss = — T + 274, 0 >0,
1122 0 1 S11 = S5 =0 H,, — 2D + 2p2p T > 0.

L1212 = To, 5 UaD 2p2p(K2p + H2p)
L2212 =0 2 ke + fap Kep + 22D

Hyo = Roy=0and R, =0
Logoo = To + 2T So1 = — 519 2u2p(K2p + H2D)

Hio = Hy =0

To, 17 : Isotropic polar invariants

kop, Mop : Bulk and shear moduli

To = pop Computed components of some
I, — 1o gradients of the Green’s function
1 — 2D .
10! . . . . . .
Validation ————— 1071 &
Equilibrated traction fields ) — Giure) ||
on random curves _ ol — (o) ]
—— Polar diagram of ol G (0) ]
generalized moduli 10 ]
j:' 1077 | ]
“: 1665 4
T -0} //
O 103} 3
10y G ]
10t o |
103 Giaimnalrd) ||
—10° L —_ G'i-?zfluuujff‘-b’) 1
—107 GV o (1 0)
-10°




Green operator for strains
* So far, we computed gradients of the Green’s function away from the
origin, i.e. with r>0. By continuity, we have

Gy g (1,0) =G

i K (r,0) forr >0

for every permutation (¥ ...&}) of (ki... k).

* The “Green operator for strain” is then defined by
A0;j(r,0) = G5 (1, 0) + G, (r,0) + Gy (r,0) + G (r,0)
so that T;;,; is minor and major symmetric.
* The gradients/derivatives of the operator are then given by

n n+2 n—+2 n+2 n+2
4F§jlzl,k1...kn (r,0) = Gz('k,—;lk)l...kn (r,0) + ng,ﬁk)l...kn (r,0) + G§'kj;lk)1...kn (r,0) + G§l,2;clzl...kn (r,0)

* Consequently, for r>0, we have
= T, (nO) =T . (r,0) for every permutation (k] ... k;) OF (k1...kn),

ijklLk, ...
N F'E;Lkzl,kl---kn (r,0) = Fli?z')j,kl...kn (r,0) and

o nglzl,kl...kn (r,0) = F;?;il,kl__,kn (r,0) = Fg'?l)k,kl...kn (r,0) = ngl)k,kl...kn (r,0) .

* Also, we recall that 17, (2,,) = (DT 4 (o) -

* Given those symmetries, we want to minimize the amount of computaté(B)n



Table of gradient components of Green operators
* For some given n, we need to compute

1 2 n
Lijkt (Qva% Fz('jl)cl,kl (zva% Fz('jl)cl,klkg (iva% e 7Fz('jk),l,k1...kk (Qva)
for every pair (92.,9,) of grains with « # ~.
T =Ty — X
* For all (Q..9,) such that o <~ : - !
— For allijkl e {1111,1122,1112,2222,2212, 1212} :
e Forallk e[0,n]:
— For all i1 € 0, %] Adjust for
. . iodicit
» Compute drf]pfigmlkllin) == Tijpy, 0 s POV

Y N\

» All necessary components of the derivatives| (i1 times) (k — i; times)
can be obtained by symmetry from the values stored indr.

if o>y min diff(x gamma, x alpha, L):
k k . .
i e (2y0) = (“DFATR][dfigml[E]li1]| gx = x atpha - x ganma
(i1 times) (k — iy times) if (dx[0] > L/2):
° N b f t dx[0] = -(L - dx[0])
umber of components na\ /1 4+ 2 else if (dx[0] < -L/2):
to compute: 6{ 5 dx[0] = L+dx[0]
Q: For some fixed n, can we take o if (dx[1] > L/2):
less interactions into account - dx[1] = -(L - dx[1])
i.e. compute influence tensors 3(ng — Dng(n+1)(n+2) elsgxﬂ] (Sxﬁéxfli"/z')
based on some n, < n,? 9
Idea of “k-fold neighborhoods” return dx; 54




Base case for verification and validation

* As a first application, we consider a 2D periodic array of anisotropic
squares. The corresponding Minkowski tensors of interest have
components

[Wg’o](nl) = [WS’O] 1.1 22...2

7\

ny € [O,T]

Ve

N7 N n :: ,r‘ o n
(ny times) (r — ny times) 2 !

WO () = (a/2)1H72t2 — (—a/2)" *H(a/2)"F — (a/2)" T (—a/2) 2 + (—a/2)™ T (—a/2)"2 "}
0 (n1 +1)(n2 +1)
Reynolds glyphs of normalized
Polar diagram of generalized moduli Minkowski tensors W, °for < 12

— E)/E

o S — pl(8)/

v(6) /i




Extra-computation required for the evaluation

of self-influence tensors
* The computation of the components ("7 ):;x requires to know w;°Qy) for
1=0, ..., n for some fixed v # o. We have WEO(Q)](n1) ==

1

Wi =3 (e o Wit | DO s

where =0 an timesiri — Ny times}
t . t .
[@?a O W(Z) t’O<Q/a)](n1) = [@f?a © WS t’O(Q;)] 11...1 22...2
c (0.4 an times)\Zi — Ny timesi
1 N

—1 min{t,ny} | |

aow @ = () X () ()@ @ - b

ny — k
k=max{0,n1—i+t}

* Similarly, the computation of the components ("7, )r,...r.ijkis:...s, TEQUIres to
know "wi*° ) for s=0, ..., p and i=0, ..., n with some fixed~ # « .
We have i

5.0 B i I
where o (%) = (t) (2y0)7 O Wy 7 (2)
i—t i—t,t t:O
(2,0)% O W™ (Q)](na,ms,) ==
@it U S0y
‘ [(zm) ® WO ’ (Qa)] 111 22...2 11,1 22...2
[(lya)@)i_t Z_Qt’t W8+S’O(Q;)](n1, ng, ) = (n1 times) (i — ny times) (ns, times) (s — n,, times)
; —1 min{i—t,n1} Pt ;
o o oNg—t— t+s,0
' (n) Z ( q >(n —Q>(a{1y ) (23)" q[W0+ (Q)](n1 — g +ng,)
HIGES [072] 1 g=max{0,n1—t} 1




Post-processing

* Once an estimate of the polarization stress field is obtained, there are
different ways to obtain the corresponding strain field

— First, from the very definition of the polarization, we have
e(z) = AM(z) : T(z)

If so, we can recover closed form expressions of the corresponding
piecewise polynomial strain and strain fields:

o k=1

and o"(z) = Z (Xa(z)aa + Xa(2) Z <aaak, (x — za)®k>k>

o k=1

However, as we do so, we note that the “prescribed” mean strain state
IS not recovered.

— Another possibility is to exploit the following form of the Lippman-
Schwinger equation
e(x) = — "I x T (x)
for which derivations as the ones carried over for the definition of the
influence tensors is needed. 58
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Results

* Uniaxial average strain, () = e, ® e,
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Fixing the method
* Currently, the method does not work.

* Possible sources of error:
— Inaccuracy of the Taylor expansion of the Green operator for strains.
— Singularity in the integral equations for the influence tensors are not taken into
account.

* Problems identified:
— The Taylor expansion T (z.,,, + 2 — y) of the Green operator T (z., +z — y)
is very inaccurate for (z,y) away from (%a%)

Example Let Q. = (0,5)* and Q, (5 10) x (0,5) with g, :=2.5(e; 4 e,)and

| e = 2. 5(261 + e,) SO that T, = —2.5¢;. Then we have
.-/-{ C A s e |
o l/_j;{'/-' . v ‘-,__... 100 ; : . : 10 : ‘
/ S __P_’_. ) \ — TonpE-y+z.)
\“}*«r" i B Y () FZ] kl (—’yoz ) — Oz —y+ z50)
/.—-" f.:.r_-.. M _,d":-.-_\ 1021 (2)F1212(£ _ g+£7“) |
L= — -y +z.)
\ -_\ \ ,af/? @D - Y+ z,,)
el .*"f 5 10tk z=25(¢; —€)
Yy =g — 2.5¢

Generalized moduli
of the reference
stiffness

100}

1071 |

Yy=mn&
1074 1 I L L L 102

=2 =1 0 1 2 =2 =] 0 1 2



Fixing the method

* Problems identified:
— So far, we were only considering I';,;;(Az) for ||Az|| > 0. Following the formalism of

Torquato (1997), this is equivalent to say that we were only considering H,;;(Az) in
Lijri(Az) = = Ao (|| Az||) + Hijri(Az)
where / H;jki(z — 2')dV,, = 0 for star-convex V c R?.
%

Then, we have / Dijki(z — 2')dVy = Ajjry it z € Vand 0 otherwise.
%
In summary, we were computing integrals of I';;x; (Ax) with an inaccurate estimate of
Hijkl (Az) while
1) Neglecting the non-vanishing contribution of A; ;.
2) Ignoring that some integral expressions of H;,x;(Ax) are zero.

* Solving the problem: o 1
— From Torquato (1997), we have 4, ,, — = lim [G,ij(r 0) + Gy, ;(r,0)] nu(0)rdd
r—
T_l - 27
where G}, (r,0) = — 5 9ijn(6) SO that A4, = ——/ 93k (0) + 955i (0)] u (0)d6-

To enforce minor symmetry, we haveo 4, .., .= (A4, + Aijii)
(To enforce major symmetry, we haves Awkl = (Aijir + Axii;) )

Q: Should we major
symmetrize A?
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Fixing the method

* ... solving the problem. Let’s get back to our integral expressions for the influence tensors.
— First, we have

53 =g L oW | [ xe@Pe - .| v,

:ﬁ/QUQa )dyx] £:|Q|/ U —AS(z — y)dug | du,

A ifyeQ
h — — = =
wihere /Q ) Ad(z —y)dvy { 0 otherwise
so that Tg) = “iq) / Xa(y)dvy. Also, we have 2x,(y) = 9k [Xa(¥)yk] — da (¥) 1k (y) Yk
which implies A
TS = — o o
0.0 = 2!9\/ Wyedry = 51 /Q OrlXalg)ueldry

A
TOW — a d
0,0 — Q‘Q‘ / 5 nk( )?Jk:d’/y 2|Q‘ 50, X (Q)yknk:(y) 82

A
TS — d — d
OO 2|Q|/ yk Yy 2|2 Oy e yknk(y) C

1
TS = — — A ds

’ Q] Jaq,. 63
[ML~'T~2]



Influence tensors
* We want to compute 7(z) : [T * 7|(z) in which the convolution

Tx7(x)= /]R2 T'(z—2'): 7(z")da’

is expressed as follows to handle the singularity of the Green operator for strains:

Lsx7(z)=P:7(z)+ lim H(z — 2) : 7(2')da’
=0 JR2\B ()

where P is the Hill polarization tensor of a ball embedded in a medium with reference
stiffness Ly, and H is the regular part of the Green operator for strains.

* Note that we have lim H(xz — 2’)dz’ = 0 for all Q c R? radial at z.
* Case of piecewise constant tr1a1 fields, i.e. 7(x Z Xa(z
Tz Zxa P 7% — () [L*7]) = anra .P:7* where c, = '%a"

* Case of piecewise polynomial trial fields, i.e. 7 (z Z Yo z (7- +Z< 9% (A“x >k> :

The convolution becomes

D
T P li gk (A" da’
@) =Pir) Yt [ Be-) Y (r ), da

o k=1
where A%y’ :=2' —z . 64



Influence tensors
 Recall that we have 4H¢jkl( ) = GE,?]Z( ) + Ggl)jk( )+ Gék)zl( ) + Gél)zk( )

where G

i e (&) = 27T hmkl(é) with z = r(e; cosf + e, sinf) and r := ||z||.

r=rn
—2

Let h(zg)(kl)( ) [hzk jl( ) + hzl jk( ) + hjk zl( ) + hgl zk( )] so that ij:l( ) 8 h(lj)(kl) (6)

1

* We are particularly in the following summand of the convolution: = =l p2 Gy oen ()
XY (z) := lim H(z — ') : <Ta8k, (Aag’)®k> dz’
=70 JQa\B(2) k
with components
FX%(x) = lim e = 27" 2h oy () TeOR o A% A% L. A% da
S e—0 Qa\Ba(g) 87T (Zj)( ) e 1 i t

— Let’s use a first change of variable 2’ = z_, + r'n’ such that Q, is radial at z,. Then

we have
k:Xa( _ 1 5@(0 ) o ||CU /H 2 h / aak Nk+1 n1 9/ ck—n1 9/ deld /
ij T) = o (z’j)(kzl)(ﬂ?ﬂ )Tt (nl,k—nl)(T )* T cos™ () sin (6°) r

where (), is assumed to have a boundary traced by the curve z’: [0,27) — 99,

9/ N ga(e/)ﬂ/
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Fix the method! (1)

Is the Taylor series expansion given by

Ty ) = T + 00 T (M0, (- 2,

k=1 1=0
a good estimate of I'(z —y +z.,,) for (z,y) € Qa X Q.

Let Q, :=(0,5)* and Q. := (5,10) x (0,5)with z, := 2.5(e; +e)and z,
that T, = —2.5e1 -

Similarly as before, we assume an anisotropic
stiffness with normalized generalized moduli given by

Then, we have

k—1 7
@y -z,)")

= 2.5(2e1 + ¢e5)S0

66



Fix the method! (2)

* A property of the convolution operator is that, when applied to the polarization field, it returns a
disturbance strain with vanishing field average, namely (I" x 7) = 0. Similarly, for piecewise
polynomial trial, we expect to have

(Cx7he) =0
which can be recast in

ZZ// ikl (z dl/dekal // ikl (T —y —x])dugdygﬁrﬁjl

(TS )i
(To,o)ijk:l / / ikl (Z —x))(ys — w'y)dyxduy82 T+ =0

F(Toa;)zg klrs

Thus, we expect the estimates of the 1nﬂuence tenors to be such that

2.2 (T53.97)r = 0
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1D variational attempt
First. Heterogeneous medium with stiffness L(z)
o(x) = L(x)e(x)
Second. Comparison medium with homogeneous stiffness L,

g — L05O -

Then, introduce a polarization field given by
7(x) := o(x) — Loe(x)

and the disturbance strain given by AL(z)] '7(2) = e(x)
e¥(x) := e(x) — eo. [AL(z)] " '7(x) = go + £%(2)

We have o(x)ed(z) =0.

21_[(7', €d> = eoLlogg — T(AL)_lT + 7 + 2T¢g

H(T, €d) = €0L0€0 — T(AL)_lT + 7€ — 780 + 2760

H(T, €d) = 80L()60 — T(AL)_lT + TETEQ
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1D variational attempt

* Look at the term

T (ky) =

JA omiar\ [/ 2mia(r + 1) 2mia
<2wa>2§eXp<‘ n )K n “)e"p(‘ n

)~

2miar

n

+1)|on
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1D HS principle for piecewise polynomial polarization
* Look at the term 7't = {7}[[']{7}

VWhere{7}77::[Tl cer Ty ory ... aTha .. O0Pmp L. 8ana}

n—1 00 re B
then Tl knata,tna+p) = S: ;: ;: ;: R {kf;,r(a + mn) £f5,8<a + mn)} I'(ka-+mn)

a=0 mM=—00 r=rqo S=Tg

(r+1)L

: : 1 n i2
in which  *f, ,.(a +mn) = —/ (. — 24)" exp T
’ L Jro L
(r4+1)L
k . k—1 . . i+j—k—1 n
1 i2maz _(k—1)! i12ma :
kfa ~(a +mn) Z ( ) {exp (— 7 ) (_1)k¢ j ( 7 ) (_ - ) x]}
z:0 J=0 rL
(r+1)L
k . k—i i+j—k—1 "
_ 1 i2max 1 (k=19 [i27a -
=S5 () o (2] B a5y
i=0 j=0 oL
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To do list & Questions

To do:

— Enforce local equilibrium on the system

— Verify numerical results of D/T for array of squares // (anti-)symmetry
— Verify prescribed average strain is recovered

Questions:

Are the global systems ever singular?

What is the effect of truncation of the expansion of the Green operator, i.e. n?

Can we truncate the level of interaction by neglecting influence tensor components of remote
inclusions?

What about nonlinear behaviors? For r>0, the compliance moduli will not be uniform within
inclusions? What are the consequences on the method?

Nonlinear HS variational principle, see Talbot and Willis (1985)

General remarks:
Brisard (2011) p. 45:
— Are you posing the system correctly for p>=17?
 D.bC
« 2.6b, 2.12

Brisard (2011) p.45:
— Method of equivalent inclusion vs method of polarized inclusions
— What we do is analogous to the method of polarized inclusions
— Convergence guaranteed for the method of polarized inclusions

Brisard et al. (2014) is key in stating convergence properties of the method using a variational
formulation
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