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KL representation of a 1D lognormal field

* Let logk(zx,0) ~ G(z,0) where G has 0-mean and a square-
exponential covariance C(xz,z') = 0% exp(—(z — 2')%/2().

e Consider the truncated KL representation of G':

NKL

GA(xve) = Z \/)‘_kqbk(m)gk(e) with f = [517 IR 7§?”LKL]T ~ N(O7I’nKL)
k=1

where (A, @) are dominant solutions of the Fredholm integral
eigenvalue problem stated by

/ C(z,z")p(x")dx" = Ao(x).
Q
We assume the eigenfunctions are orthonormal, i.e. (¢i, ®;)a = ;5 .

* Resolution: Approximate solutions (A, ¢x) are sought in the form

A N
b () = Z d¥hj(z)

: : 3/37
for some {hj};v:l . From here on, different methods exist.



Nystrom’s method

Nystrom’s method (Atkinson, 1997; Betz et al., 2014) relies on an
approximation of the Fredholm integral by a quadrature

AA

N
ijC(x, atj)qg(ajj) = A¢(x) with weights {wj}j-v:l
j=1
and integration points Qg = {z;}/, . Solutions of the form (},y)
with y = [¢(z1),...,¢(zn)]! are obtained by solving

A A

N
ijC(a?i,a;j)gg(azj) = A¢(x;) fori=1,... N
j=1

equivalently recast in CWy = Ay where Cij = C(x;,x;) and
Wij = 0ijw;.
To ensure )\, > 0, we write W/2CW1/2Wwt/2y = \W1/2y and solve

instead, with B = WY20W?% and s.t. y = W—1/2y*, 4137



Nystrom’s method

* Denote the most dominant solutions of By* = Ay* by {(Ag, yf)}rKS
and let Y = W~2[y;,...,y: ] . Then, we have

= 5\,;1 ijC(x,a:j)qgk(azj) for 1 <k <nky

so that we can approximately sample G(z,6) from

NKL nkrL N

SN Pon(@)en(0) = D0 wid 20, ) di(5)ER (0).
k=1

k=1 j=1
* We can then sample G({z(*}",0) = [G(z™,0),...,G(z™), )T by
G({z9}i2),0) = CWYATV2E(0) = CWRY*AT26(0) with € ~ N (0, Ly, )
where Aij = 5705\ and ésj = C(Qi(s) £Cj) X
* In the special case {z(*)}": = Qq, we have C = C and

G(Qqg,0) = YAV2E(0) = W12y *AV/2¢(0). 5 /37



Galerkin projection

Given a set of basis functions {h;}}_, , approximate solutions to
the Fredholm 1ntegral equation are sought in the form

d(z) = ZN hi(z), leading up to
/ Oz, 2)d(z )z’ = \o(z) + r(z)

o
ﬁid[/ (2,2 )y (& )z’ — Ay ()] .
}

with a residual r(
1

Approximate solutions (X, {d; 1) are obtained upon enforcing

orthogonality as follows,

L/}:J 2)de =0V {d}N

equivalently stated by Bd = AMd where d = [dy,...,,dy]T,

Bi; /Ca: ' "dz'h;(x)dz and M;; = / dz'h;(x)de. .37



Galerkin projection

e Denote the most dominant solutions of Bd = AMd by {(\g,d®) }7xt
and let D = [dV),...,d"x)] . Then, we have

N
— Zd§k)hj (x) for 1 <k < nkr,

so that we can approximately sample G(z,6) from

X 1/2 oL & 1/2 4(k
Z)\/¢k 1Ex(0) =3 N 2d W hy(2)en(9).
k=1 j5=1

e We can then sample G({z®}" . 0) = [G(z™,0),...,G(z"),0)]T by
G({z9}02,,0) ~ HDAY2£(0) with & ~ N(0, Iy,
where A@'j — 52'3'5\]' and Hsj — hj(ib(s)) .

7137



IKL representation of a 1D lognormal field

di(x)

e Consider PO finite elements for 2 = [0,1] with N =500 , nxr = 20,

e We denote the mean error variance by ok, = 1 — Q]!

oc2=0.1and ¢/ =0.1.
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IKL representation of a 1D lognormal field

e Consider PO finite elements for 2 = [0,1] with N =500 , nxr = 20,
0?=0.1and /=0.1.

: _ _ N
e We denote the mean error variance by g,k =1 —[Q71 > K] 2% |
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MCMC sampling of ¢

e Motivation: Increase similarity between consecutively sampled
realizations in order to eventually recycle information from one
solved linear system to another.

* Given a realization ¢, candidates for £("t1) are proposed as
samples of X"V ~ &M 4+ ¢N(0,1,,.) so that the ratio of
proposal densities g(£")[x" 1) /q(x"*V|¢(")) amounts to 1.

(r41)

* A proposed state X is then accepted with probability

. (r+1) . . .
a6, XD = min { L0670 11 = min {exp(€7)]3 — [x+V[3),1}

e We denote by {£(®}¥_, the sequence of accepted candidates
sampled after ¢(1) ~ A/(0, I,

KL)’
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How do we pick ¢* ?

e Let’s compare subsequences of realizations obtained by MCMC
with realizations obtained by MC:

400 MC samples (o2 = 0.1, £ = 0.1, ngL = 20) 400 MCMC samples (o2 = 0.1, £ =0.1, <% = 0.02, ngL = 20)
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e Clearly, MCMC allows to sample highly correlated subsequences.

e For a specific number of realizations, how should we pick ¢*?
Should we run several independent chains? 11/37



How do we pick ¢ ?

e Considering a FE discretization with Pl elements and
homogeneous Dirichlet-Neumann BC, we obtain:
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e The statistics of the solution are not as sensitive to the
sampling method as those of the coefficient field.
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Deflated CG (DCG) in a nutshell

* Given a basis W € R™** with kK < n and an initial guess x s.t.
ro:=b— Axg L span{W} =W,

e Deflated CG (Saad et al., 2000) builds a sequence of iterates
{«Tj}j:1,2,... S.t.
Tj— X0 € W & /Cj(A,?“o) =: /Ck,j(A, W, 7“0),

and r;j:=b—Ax; L WdK,;(A,ro).
o DCG(A,W,xgy) // xgis s.t. rg:=b— Axg L span{W}
Solve WL AW fijg = W1 Arg for fig and set pg = 7o — W fig
Forj=1,...,m, Do:
Qj—1 = Tf—lrj—l/p?—vélpj—l

Tj==Tj—1T Qj—1Pj—1

rj = Tj-1 = aj-1Apj-1
Bj—1 =7 715/T]_17Tj-1
Solve WL AW ji; = W Ar; for fi;

13/ 37
pj = Bj—1pj—1+1r; — Wil




DCG - Why “deflation’’?

e Consider the oblique projector along W given by
H=1,-WW!'Aw)"1(Aw)?’.

e The solution to the original system Az = b is decomposed into

r=(I,—H)x+ Hx
N e’ ~~
1€ W T2 €W

where 1 = W2, in which Z; is solution of the reduced system
WTAW 2, = Wb
and AHx = H" Az = H" AHz so that xo = His where &g is
solution of a deflated, or nearly deflated system
HYAHz, = H'b,
still consistent, and solvable by CG as long as solved with an
initial residual in W+, 14 /37



IDCG - Deflation and convergence

e The sequence of iterates {Z;};j=1,2.... obtained by CG to solve
the original system Ax = b with an initial guess xy admits

lzj —x[a <2 < /) - 1) lzo — x| a

k(A) +1

e On the other hand, the iterates obtained by CG applied to the
deflated system H? AH%5 = H'b admit the following bound:

]
A Ke HTAH) — 1 A
|xja:“<2<“ 14 ) ) |lzo — &2l

\/lieff(HTAH) + 1

e The objective is then to find a projector H, or the basis of a
deflation space W, such that H?* AH is effectively better cond-
itioned than A.

15/ 37



DCG - How to deflate?

o Let {u;}i=1,..n be the eigenvectors respectively associated with
the eigenvalues A1 < Ay < --- < A\, of A so that k(A) = A\, /1.

e If the basis W = |wy, ..., wg| consists of the k eigenvectors of A
associated with the least dominant eigenvalues \; through A,
an effective conditioning number kerr(H? AH) = Ay /Apr1 is
obtained.

e On the other hand, if the basis W consists of approximations of
these k least dominant eigenvectors, we expect to obtain

R(HTAH) =~ A /Aps1 -

e (Alternatively, W could be constructed solely of most dominant
eigenvectors, or of both least and most dominant eigenvectors.)

16 /37



DCG - Approximating eigenpairs of A

e Finding an approximation of an eigenpair (A;,u;) of A can be

done by searching an approximation of (A ', u;) for A=1.

Let (A\; !, ;) denote an eigenpair approximation of A~!
obtained by the following harmonic projection:

Yi € A/Ck,g(A, W, 7“0),
A7y = ATy L AK (A, W, o)

where K ¢(A, W, rg) admits a basis Z = [W,V,], so that y; = AZy;
and the orthogonality condition becomes

(AZ)" (AN (AZg:) — A7 (AZgi) = 0,
ZTAZg; — NN AZ)T AZy; = 0.
Hence, an approximate eigenpair (S\i,AZgjz-) of A is obtained

when solving for a pair (A;, ;) of the (k + £)-dimensional
generalized eigenvalue problem (AZ)LAZy = NZ1AZy. 17137



2/Get eigenpair approximations {(Xgl),w,fl))}izl

DCG for multiple right-hand sides

(DCGMRHS)

* Given a sequence {b)},_; . ,, solve for {z(®},_; , s.t. Az(®) =p();

1/Solve for 2™ € K,(A,r{") by CG. Store basis V" of K¢(4,r").

.....

wgl) c AICg(A,rél))
A_lwzm — wgl)/jxgl) 1L AKy(A, 7“(()1))

w® = AV,

3/ For s e [2,V] :

Solve G(l)~ —5\(1)F(1)~
M with G 1= (AV“’)TAv“)

) .— Ve(l) Avg(l)

3.1/Solve for z(%) € Ky (A, W(S—l),r((f)) by DCG. Store basis V'* of

Ko(A,rl®). Let Z() .= [W(s—D),
3.2/Get approximations {(S\,ES),

<S>>}z_1 ..... v Solve G = AP )y,

)

w'® € AR (A, WED p ()
ALyl w,f”/XES) L ARk (A, W(S_l)ar(() )

wgs) = AZéS) Ui

with G® = (42T AZ")
T
F® .= 7" Az




DCGMRHS results — Random walk

e Let A be a single, fixed realization of the operator with (¢2,¢) = (0.2,0.1)
b ~ N(0,1,) and bGFTY ~ ble) 4 GN(0, ) for 1 < s < v =100 with ¢ = 0.1

e Fach curve stands for the DCGMRHS(v = 100, k = 10,£ =10) " =0, 2" =0
. ) B} ~ b1} 4 (2N, 62 = 0.1
evolution of the relative

iterated residual of a system 10" ]
Az(s) = p(s),

101

e Relative gain of iterations
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the 1% system to reach =
the stopping criterion: Stk o g
Il 108
e, < 10 o

a0
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o (k,0) = (10,10)
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DCGMRHS - Effect of quality of
eigenvectors approximation

e Deflation is performed with subspaces W) spanned by approximations
{w® I, of the elgenvectors {u;}F_, associated with the least
dominant eigenvalues A\; < --- < A of A.

 The quahtV of this approximation can be measured by the principal
angles {6’ } _, between W) and

Uy = span{uy, ..., ug} . 10

o rp(s)
e Jet diSt,u(W(S),Z/{k) — Zi§:1 Sm(zi )

DCGMRHS(v = 100, k = 10,4 = 10} a =0, 27 =0
B~ bl A c2 =011

1.0 0.9 0.8 0.7 0.6 0.5 0.4

:-'1*""},/?1*



DCGMRHS results = Shuffled walk

* Let A be the same realization as before. Let {b(*)}*_, be the same
samples as before, but randomly shuffled.

| | DCGMRHS(v = 100, k = 10.£ = 10) 2" =0, 2= =0
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DCGMRHS results — Random walk

e Let’s increase (k, /) = (10, 10)

_ _ DCGMRHS(v = 100, k = 10,4 = 10) n:E,l} =} m'i_ll*:sgv} =0
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DCGMRHS results — Random walk

to (k, ) = (20, 20)

| | DCGMRHS(v = 100, k = 20,¢ = 20) 2" =0, ') =0
DCGMRHS(p = 100, k = 20,¢ = 20) (" =0, 27 =0
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DCGMRHS results — Random walk

to (k,£) = (30, 30)

1 1 g
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DCGMRHS results — Random walk

e Let’s increase (k, /) = (10, 10)

_ _ DCGMRHS(v = 100, k = 10,4 = 10) n:E,l} =} m'i_ll*:sgv} =0
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DCGMRHS results — Random walk

o (k, ) = (10,20)

_ _ DCGMRHS(v = 100, k = 10, ¢ = 20) n:E,l} =10, x'i_ll*isgv} =0
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DCGMRHS results — Random walk

to (k, ) = (10, 30)

" s DCGMRHS(v = 100, k = 10, = 30) 2" =0, 2" =0
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DCGMRHS results — Random walk

o (k,¢) = (10, 50)

_ _ DCGMRHS(v = 100, k = 10, ¢ = 50) n:E,l} =10, x'i_ll*isgv} =10
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DCGMRHS results — Random walk

* Let's apply the preconditioner M = A(&; =0,..., &, —0)
e (k,¢) = (10,10)
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DCG for multiple operators (DCGMO)

e Given a sequence {A®)},_; , solve for {z(®},—; , s.t. A®zE) =p:
1/Solve for 2™ € K.(AD,r{") by CG. Store basis V" of K,(AD,r{M).
2/Get eigenpair approximations {(A",w!")};=1.. x of AD:

wz(l) c A(l)Kg(A(l),r(()l)) Solve G(1)~z _ 5\(1)F(1>~
A(l)_lwgl) _ wgl)/j\gl) 1 A(l)ng(A(l),frél)) with GV -— (A(l)v(l))TA(l)V(l)

3/ For s € [2,1] : wil) . A(l)V(1)~- FO .— Vf) A(l)ve(l)

3.1/Solve for z(*) € Ky, ,(A®), W=D, #§”) by DCG. Store basis V,*) of
ICE(A(S) T(() )) Let Z(s) .— [W(S 1) V(S)]

o ( | Solve G¥)g,; = )\(S)F(S) Ji
3.2/Get approximations {(A\;*, w;" )} izt & with () .— (A(S)Z(S))TA(S)Z(S)
of eigenpairs of A(*):

F) = 7 A(S)@
w® € ABLC, ((A®, W=D 1)y / ‘

1 : | ’ ﬂ w'® = A(S)Zl@ i
AT ) w,gs)/)\,gs) 1 A(S>1Ck,g(A(S), W(S_l),rés)) ‘

1




DCGMO results = MCMC sampling

o Let {A®}1% be sampled by MCMC with (62, ¢) = (0.2,0.1) and ¢ = 0.02

100 MCMC samples (o = 0.2, £ = 0.1, ¢2 = 0.02, ng. = 20)
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DCGMO results = MC sampling

o Let {A(®}1% be sampled by regular MC with (62, ¢) = (0.2,0.1) .

100 MC samples (02 = 0.2, ¢ = 0.1, ngr = 20)
3.0 T
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xr
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DCGMO results = MCMC sampling

o Let {A®}1% be sampled by MCMC with (62, ¢) = (0.2,0.1) and ¢ = 0.02

100 MCMC samples (o = 0.2, £ = 0.1, ¢2 = 0.02, ng. = 20)
3.0

(k, £) = (20, 20)

DCGMO(x = 100,k =20, £ =20) = =0, £ =0

10! -
1071
0.0 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
x ol
1 — L, P ('_ (1<s<u p— 1
o DCGMO(y = 100, k =20, ¢ =20} =y =0, =0 g 1[}_3—-
T
B
0.8 EH
—
é—; f— 19—5
S 064
B
= 0.4+ -
2 1077 1
0.2 A
10— : : : : : : :
007 0 s e oG 0 o 0 100 200 300 400 500 600 700
nis)/nil)

t, Iteration




DCGMO results = MCMC sampling

o Let {A®}1% be sampled by MCMC with (62, ¢) = (0.2,0.1) and ¢ = 0.02
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DCGMO results = MCMC sampling
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DCGMO results = MCMC sampling
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